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PREFACE 


The present volume of the Contributions, fourth in the series, 
covers, like its predecessors, a great variety of topics in non-linear 
differential equations. The first paper by Kakutani and Markus deals with 
a differential-difference equation arising in the theory of growth 
phenomena. Beyond general considerations of the functional properties of 
the solutions, the authors have obtained very detailed information con¬ 
cerning the oscillations and asymptotic behavior of the solutions. The 
second paper by Lefschetz, a complement to Barocio^ Mexican thesis, con¬ 
tains a rather detailed description of singularities of a pair of analytic 
differential equations in the plane. The third by Bushaw is a noteworthy 
contribution in the study of discontinuous forcing terms. The particular 
point amply covered is the rapidity with which the origin is reached by 
any solution — an important question in control problems. The paper by 
de Vogelaere deals with the periodic solutions of Stdrmer's problem 
arising in electro-magnetic theory. Slotnick^ paper is concerned with 
the instabilities of Hamiltonian systems. This work continues an in¬ 
vestigation initiated by J. Moser. Kyner*s contribution relates the theory 
of periodic surfaces along the line developed by S. Diliberto which was 
amply described in Contributions III. The paper by Seifert deals with 
the qualitative behavior of planar differential systems by the method of 
rotating vector fields. Antosiewicz, in his contribution, gives a survey 
of the second method of Lyapounov. As is well known, this method has been 
extensively treated in the Soviet Union but is also acquiring great impor¬ 
tance in other areas in view of its elasticity and general power. 

The contributions of Mendelson and Bass are concerned with the 
qualitative behavior of the solutions of non-linear differential systems, 
with many degrees of freedom, near a critical point. Mendelson investi¬ 
gates the phase portrait near an isolated critical point where one char¬ 
acteristic root is zero and the others have real parts of the same sign. 
Bass studies the instability near an equilibrium from which repulsive 
forces act. 

A number of these papers have been contributed by various Govern¬ 
mental organizations. These are indicated in connection with each paper. 


Solomon Lefschetz 
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I. ON THE NON-LINEAR DIFFERENCE-DIFFERENTIAL 
EQUATION y f (t) = [A - By(t - r)]y(t) 

S. Kakutani and L. Markus 
1 . INTRODUCTION 

If one assumes that the net birth rate y*(t)/y(t) of a popula¬ 
tion y(t) is the constant coefficient A, then elementary considerations 
yield an exponential growth (or decay) of population, y(t) = y(o)e At . A 
more feasible mathematical model, for certain discussions, could be obtain¬ 
ed by assuming that the birth rate coefficient is diminished by a quantity 
proportional to the population of the preceding generation. These assump¬ 
tions lead to the functional equation appearing in the title, 

(1) y f (t) = [A - By (t - t )]y(t), 

where t > 0, A and B are real numbers. This delay-differential equa¬ 
tion also occurs in the theory of certain servo-mechanisms [3]. 

If B = 0, the resulting differential equation is elementary and 
we shall henceforth assume B ^ 0 . We simplify equation (1 ) by writing 
z(t) = Bty(xt). Then 

( 2 ) z’(t) * [a - z(t - l)]z(t) , 

where a = At. We 3hall investigate the functional equation ( 2 ) and the 
results can easily be reinterpreted for (1 ). 

DEFINITION. A solution z(t) of (2) is a real con¬ 
tinuous function defined on o<t<i+€, €>o, 
where z(t) c C ^ 1 ^ on 1 < t < 1 + €, and there 
satisfies the functional equation (2). 

Clearly the constants z = 0 and z = a are solutions. It is 
interesting to note that these are the only solutions of period one since 


1 
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z*(t) « [a - z(t)]z(t) has no other periodic solutions. 

Quite general existence theorems are available [1, 2] for differ¬ 
ence-differential equations. However we obtain precise knowledge of the 
behavior of the solutions of (2) and in our detailed investigations the 
general theory is not directly applicable. 

2. GENERAL PROPERTIES OP THE SOLUTIONS 

THEOREM l. Let <p(t), 0 < t < 1, be a continuous, 
real-valued function prescribed as an initial con¬ 
dition. Then there exists a solution z(t) of (2), 
defined on o < t < °°, for which z(t) * q>(t) on 
0 < t < 1. Moreover z(t) is unique in that each 
solution of (2), agreeing with cp(t) on o < t < 1, 
also agrees with z(t) on their common domain of 
definition. 

PROOF. Let z(t) - q>(t) on 0 < t < 1. Define 

r r t_1 

z(t) = <p(l) exp a(t - 1 ) - / cp(a)ds 

L o 

on l < t < 2. If z(t) i3 xell-deflned on 0 < t < n, n * 2, 3, 4, ..., 
then define 

P t-1 

z(t) * z(n) exp a(t - n) - / z(s)ds 

L n-, 

on n < t < n + l. Clearly z(t) is continuous on 0 < t < « and more¬ 
over z(t) c on 1 < t < », except possibly at t = n. 

At t = n, 

z’(n + o) * z(n)ta - z(n - 1 )] 
and 

z*(n - 0) * z(n - Ota - z(n - 0]expj^a 
= z(n)[a - z(n - 1)]• 

Thus z(t) c for i < t < » and there satisfies 
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z*(t) * [a - z(t - 1 )]z(t). 

If v(t) Is another solution, corresponding to the initial func¬ 
tion <p(t), then let t Q > 1 be the l.u.b. (t | w(t) * z(t)}. But on 



Since w(t Q ) * z(t Q ) and furthermore w(s) * z(s) on t Q - 1 < s < t Q , 
we have w(t) = z(t) on t < t < t Q + 1 which contradicts the existence 

of the finite number t Q . Thus w(t) = z(t) on their common domain of 

definition. Q.E.D. 

Hereafter, by a solution of (2), we shall mean a solution defined 
on o < t < oo. 

COROLLARY. The solution z(t) e C^ 1 ^ on 0 < t < » 

if and only if <p(t)eC^^ on 0 < t < 1 and also 

<p* (1 ) = [a - cp(0) ]q>( 1 ). 

PROOF. If z(t) c C^ on 0 < t < « then <p(t) c on 

0 < t < 1. Furthermore z(t) satisfies the functional equation (2) at 

t * 1 + €, e > o, and thus at t = i. But at t = 1, z(l ) * cp(l ), 

z' (1 ) = cp 1 (1 ) and cp* (1 ) = [a - q>(0)]<p(1 ). 

Conversely if 9 (t) € C ^ 1 ^ on o < t < 1 , then z (t) € C ^ ^ on 
o < t < ~, except possibly at t = i . But both z'(i - o) * 9 1 (i) and 
2 *(i + 0 ) - [a - 9 ( 0 )Jq>(l) exist and are equal. Thus z(t) € C* 1 ' on 
0 < t < °°. Q.E.D. 

Clearly, if we require 9 (t)€C^°°^ on 0 < t < 1 and also that 
the derivatives of 9 (t) at t * 1 be related to those at t » 0 by the 
functional equation ( 2 ) and by those equations obtained from (2) by differ¬ 
entiation, then the solution z(t) « C* 09 ^ on 0 < t < «. It is not apparent 
whether or not there are analytic solutions of ( 2 ). The next theorem shows 
that there are no (entire) analytic solutions of ( 2 ) (other than z • a, 
z * 0 ) which can be expressed in terms of elementary functions. 
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THEOREM 2. Let z(t) be an entire function of the 
complex variable t and let z(t) satisfy 
z*(t) * [a - z(t - l)]z(t). Then, unless z = 0 or 
z * a, for each integer k, 

max |z(t)| * M(r) > exp exp ... exp r 
I t|*r 

(k repetitions) for all sufficiently large r. 

PROOF. If z(t Q ) = 0, then z 1 (t Q ) = o and clearly z^ n ^(t Q ) = 
so that z s o. Thus assume that z(t) has no zeros. If z(t) is of 
finite older, then by Hadamard's theorem, z(t) = exp P(t) where P(t) is 
a polynomial. But then P'(t) = [a - exp P(t - 1 )] which is impossible 
unless P(t) is a constant. But the only constant solutions are z = 0 
and z s. a. 

Now allow z(t) to be of infinite order. Let Log z(t) be an 
entire function such that exp Log z(t) = z(t). For any entire function 
f(t) one knows 1 


max |f'(t)| < (A(R) + f(o)} , 

It|=r " (R-r) 2 


where 


A(R) = max Re{f(t)} 

111 =R 

provided A(R) > o, C Is a positive constant, and o < r < R. Set 
R = 2r, f(t) = Log z(t) and we obtain 


max 
11 |=r 


Jr Log z(t) < -rj-j max Log |z(t)| + L , 

at r |_|t|=2r 2 J 


where C ] , C 2 are positive constants and the above result applies since 


max Log |z(t)| = log < max |z(t)| 


111=2r 


-| max | z (t) | Y > 0 

[|t|=2r J 


Set 


M(u) = max |z(t)| 
It|-u 


1 


Dr. J. Wermer suggested this argument. 
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Then 


max 

|t|-r 


z' (t) 

zt tr 


< ~ log M(2r) 


for a positive constant • But 


and so 


|z(t)j < 


z 1 (t+i ) 
z(t+1 ) 


+ |a| 


Cl 

M(r) < jrZTj lo 8 M ^ 2r + z ) 
for a positive constant C^. 

Now, proceeding by induction, suppose there are no non-constant 
entire solutions z(t) with M(r) < exp exp ... exp r (k repetitions), 
for all large r. If z(t) Is an entire solution with 

M(r) < exp exp ... exp r 
(k + 1 repetitions), then 

Cl 

M(r) < ex P ex P ••• ©xp(2r + 2) 

(k repetitions). Using the same reduction again we have 

M(r) < pTf [ lo 8 c 4 ~ log(r + 1 ) + exp exp ... exp(4r + 6)J 
(k - l repetitions). But this states that 

M(r) < exp exp ... exp r 

(k repetitions) for all large r. This contradicts the induction hypo¬ 
thesis. Q.E.D. 

E. M. Wright [53 has shown that there are real-valued entire so¬ 
lutions for a > 0 and, at least for small a, these solutions can be 
positive on t > o. 

Returning to the consideration of real solutions, we note that a 
solution z(t) is nowhere zero for l < t < » In case q>(l ) 4 

THEOREM 3* If <p(i ) > o, then the corresponding 
solution z(t) > o for 1 < t < ». If <p(l ) < o, 

then z(t) < o for i < t < ». if cp(i ) * o, 

then z(t) a o for 1 < t < ». 
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PROOF. Consider only the case <p(l ) > o. Here 

t-i 


z(t) - cp(l ) exp I a(t - 1 ) - 


t-i 

a(t - 1 ) - J <p(s )ds 
o 


> 0 


on 1 < t < 2. Similarly, IT z(t) > o on 1 < t < n, then z(n) > o 
and 

t-i 

i 

z(t) * z(n) exp 


U- I 

a(t - n) - J z(s)ds > o 

n-i 


on n < t < n + 1. Therefore z (t) > 0 on 1 < t < ~. Similar proofs 
hold in the other cases <p(i ) < o and q>(l ) = o. Q.E.D. 


COROLLARY. Let two solutions z^t) and z 2 (t) 
agree on a unit interval 0<t 1 <t<t 1 + 1. 

Then either z^t) = z 2 (t) on o < t < » or 
else z 1 (t) = z 2 (t) = o on 1 < t < ». 

PROOF. By the argument for uniqueness used in Theorem 1, 

Zj(t) = z 2 (t) on t 1 < t < ». Now z^(t) (i = l or 2) vanishes at 
some point on t 1 < t < « if and only if z^(l ) = 0 and then z^t) = o 
on 1 < t < oo. Thus either z^t) = z 2 (t) =0 on l < t < «> or else 
neither solution vanishes anywhere on 1 < t < °o. But then the equation 
z(t - 1) = a - z’(t)/z(t) determines that z^t) - z 2 (t) on 0 < t < «*. 

Q.E.D. 

In the following analysis we shall be primarily interested in the 
case where the intersects of a solution curve z = z(t) with the line 
z * a form a discrete set. 


THEOREM k. The intersections of the solution curve 
z = z(t) with the line z = a are discrete on 
o < t < oo if and only If there are a finite number 
of zeros of q>(t) - a on o < t < 1. 

PROOF. If the zeros of z(t) - a are discrete on 0 < t < oo, 

then, a fortiori, the zeros'of <p(t) - a are discrete on o < t < i. 

Conversely, suppose the zeros of qp(t) - a are discrete on 
0 < t < l. Then, since we may take <p(i ) i 0, the zeros of z*(t) on 

1 < t < 2 are discrete. Thus there are only a finite number of zeros of 

z(t) - a on 1 < t < 2. Byan Induction argument one shows that there 
are only a finite number of zeros of z(t) - a on each unit Interval 
n < t < n + 1, n - 1, 2, ... . Q.E.D. 
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3. THE PRINCIPAL CASE, a > 0 


THEOREM 5. Let a > 0, q>(i ) > 0 and let z(t) be 
the solution of (2) corresponding to the initial 
function <p(t). Then o < m < z(t) < M < » on 
1 < t < » where 


and 


M 


max max z(t), 
[ !<t<3 



m * min 1 min z(t), 
[ l<t<3 



PROOF. Since cp(i ) > 0, z(t) > 0 and a - z(t) < a on 

1 < t < oo. Suppose there exists a t 1 > 3 with z(t 1 ) > M > ae a . Then 

z'(t) = [a - z(t - i)]z(t) < a z(t) on t 1 - 1 < t < t 1 and z(t 1 - 1 ) > a. 

Thus z , (t 1 ) < 0 and one sees easily that z(t) is monotone decreasing on 

3 < t < t 1 . But then z(3) > M which contradicts the definition of M. 
Therefore z(t) < M on l < t < «>. 

Now a-z(t)>a-M on 1 < t < «. Suppose z(t 2 ) < m < ae a ~ M 
for 3ome t 2 > 3. Then z(t 2 - l) < a, since z'(t)>(a-M)z(t) on 
tg - 1 < t < tg. Thus z'(tg) > o and so z(t) is monotonely increasing 
on 3 < t < t 2 . Therefore z(3) < m which is a contradiction. Q.E.D. 


THEOREM 6. Let a > 0 and cp(l ) > 0 and let z(t) 
be the solution of (2) corresponding to the initial 
function q>(t). Then either 

(i) z(t) is asymptotic to z = a; that is, 
z(t) and z'(t) are monotone for large 
t and 

lira z(t) = a, lim z*(t) ■ 0 , 

t = oo t=°o 

or 

(ii) z(t) oscillates about z = a; that is, 

z(t) - a assumes both positive and negative 
values for arbitrarily large t. 


PROOF. If z(t) > a for all large t, then a - z(t - 1) < 0 
and z'(t) < o. Thus z(t) decreases monotonely to a limit which is easily 
seen to be a. Furthermore 

z"(t) * (la - z(t - i)] 2 - z'(t - 1)) z(t) > o 
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so that z*(t) Increases monotonely to a limit which is easily seen to be 
zero. 

If z(t) < a for all large t, then a - z(t - 1 ) > o and 
z'(t) > 0. Thus z(t) increases to the limit a. Also z'(t) > 

[a - z(t)] z(t) > [a - z(t)] 2 for large t so that z"(t) < o. Thus 
z'(t) decreases monotonely to the limit zero. 

If neither z(t) > a nor z(t) < a for all large t, then 
z(t) oscillates about the line z * a. Q.E.D. 

A3 we shall later see, each of these alternatives is possible for 
certain values of the parameter a. However, before determining which 
values of the parameter a produce which behaviors, we shall investigate 
the qualitative form of the oscillatory solutions. 

THEOREM 7 * Let a > 0, 9(1) > o and z(t), the solu¬ 
tion of (2) corresponding to cp (t), oscillate about 
z = a. Assume the zeros of z(t) - a are a discrete 
3et on 0 < t < co. Then, for sufficiently large t, 
each zero of z(t) - a is simple and there Is exactly 
one zero of z’(t) between consecutive zeros of 
z(t) - a. 

PROOF. Let the number of zero3 of z(t) - a on n < t < n + 1, 

n * 1, 2, 3 , •••> be k(n). Then define the number £(n) of potential 

zeros to be k(n) - k(n) If the last zero t £ * n + 1 or if 

| z(t) - a| > 0 

on max(n, t £ ) < t < n + 1 and define k(n) ■ k(n) + 1 in all other cases. 

We show that k(n) i3 a non-increasing function of n. 

Suppose k(n) = k(n) and t^ * n + 1 . Then thero are at most 

k(n) - 1 bend points of z(t) - a in n + 1 < t < n + 2. Thus 

k(n + 1) < k(n) and for equality one must have a situation in which 
k(n + 1) * k(n + 1). Therefore in this case k(n + 1) < k(n). 

Next 3uppo3e k(n) = k(n) and 

|z(t) - a| > 0 

on max (n, t^ ) < t < 11 + l. Then on n+i<t<n + 2 there are at most 
k(n) bend points, at least one of which must occur before the first zero 
of z(t) - a. Thus k(n + 1 ) < k(n). If k(n + 1 ) * k(n), then no zero of 

z'(t) occurs following the last zero of z(t) - a on n + 1 < t < n + 2 , 



A DIFFERENCE-DIFFERENTIAL EQUATION 9 

and hence k(n + i) = k(n + 1 ). Therefore k(n + 1) < k(n) **In this case. 

Finally suppose k(n) * k(n) + 1. There are at most k(n) bend 
points of z(t) - a on n+i<t<n+2 and thus k(n + 1 ) < k(n) + 1. 

But if k(n + 1 ) = k(n) + 1 the situation is such that k(n + 1) * k(n + l). 
Therefore k(n + 1) < k(n) in all cases. 

Now let 


lim k(n) * k 

n=» 


and say, for n > N, k(n) = k. Suppose on N+r<t<N+r+l, 
r * i, 2, 3, ..., there are at least two zeros of z’(t) on the open In¬ 
terval between two successive zeros of z(t) - a. Then there are at least 
k(N + r) zeros of z’(t) on N +, r < t < N + r + 1. But then there are 
at least k(N + r) zeros of z(t) -a on N + r-i<t<N + r, that 
is, k(N + r - 1 ) > k(N + r). Furthermore equality holds only when 
k(N + r - 1) = k(N + r - 1) + 1. Thus k(N + r - i) > k(N + r) which con¬ 
tradicts the property that k(n) = k for n > N. 

A similar argument shows that a double root of z(t) - a also 
results In a decrease in k(n) and so can not occur for n > N. Q E.D. 

COROLLARY. Let a > 0, cp(l ) > o and let the solution 
z(t) oscillate about z * a. Let q>(t) - a € 1 ^ on 

0 < t < 1 have at most one potential zero (In particular 
if cp(t) - a / o), then the interval from each zero of 
z(t) - a, t > 1, to the following extremum is of length 
one. The interval from an extremum of z(t) - a, of 
amplitude e > o, to the following zero is of length 

d € > j log (1 + c/a) . 

If a > 1 and if c is sufficiently small, then 
i [i - ./aa] < < 2 . 

PROOF. If cp (t) - a has no zeros on o < t < l, then z’(t) 4 c 
on 1 < t < 2 and k(l ) * l. If q>(t) - a has one zero followed by a 
zero of cp 1 (t) on 0 < t < i, then again z’(t) has one zero on 1 < t < 2 
and k(1 ) = l. 

Now consider an extremum where z ! (t Q ) - o on n < t Q < n + 1, 
n - 1, 2, ... . Then on n - l < t < n there is one, and thus only one, 
zero of z(t) - a, since ic(n - l ) * k(n - i) * i. If there were another 
extremum on t Q - i < t < t Q , then ic(n) > 2 which is impossible. Therefore 
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z(t) - a is strictly monotone on t Q - i < t < t - 

Let t 1 be an extremum where z(t 1 ) * a + e. Then 

-€(t-t. ) 

z(t) > (a + €)e 

for t 1 < t < t 1 + d € « But for 

t - t 1 = -^ log (1 + e/a) , 

-cft-t, ) / „ \ 

(a + e )e - (a + e) = a . 

Thus d € >-^ log (1 + e/a). 

For a minimum where z(t g ) = a - e, 

€(t-t ) 

z(t) < (a - €)e < a 

when 

(t - t 2 ) <ilog (^-) . 

Thus 

d £ > min -jj log (1 + e/a), | log 

If e is small, say e < a, then 

d £ >l [e/a - 1 (e/a) 2 + } (e/a) 3 - ...] 

Thus 

■>.>* [■ -u] 

Now take a > 1. Suppose that following a maximum z(t 1 ) = a + e, 
z(t) > a on t 1 < t < t 1 + 2. But then on t 1 + 1 < t < t 1 + 2, 

- z* (t) > ejz(t) and 

-€ 1 (t-t--1 ) 
z(t) < (a + e 1 )e 1 

where €, » z(t, + 1) - a. Then z(t, + 2) < (a + c 1 )(i - e 1 + e^/ 2 ) < a 
which is a contradiction. In this case d € < 2. 

Similarly, after a minimum where z(tg) » a - e, suppose 
z(t) < a on t 2 < t < t g + 2. Then on t 2 + 1 < t < t 2 + 2, z*(t) > €gz(t) 
and 

e 2 (t-t 2 -1 ) 

z(t) > (a + €g)e 


= 1 log (1 + e/a) . 
>7 [e/a - 1 (e/a) 2 ] 
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where « 2 * a - z(t 2 + 1). Then z(t 2 + 2) > (a - c 2 )(l + c 2 ) > a. Thus 
here also d £ < 2. Q.E.D. 

The most interesting oscillations are those which are strictly 
monotone from each zero of z(t) - a, for a unit length, until the following 
extremum. Such an oscillation is concave up on t 1 + 1 < t < t 2 + l, where 
t 1 and t 2 are successive maxima and minima respectively. Thus on 

t 2 “ 7 l0 g O + €/a) < t < t 2 + 1 


or on 


t 2 ~ 2a - 


t < to 


where c < a is the amplitude of the maximum, the solution z(t) is con¬ 
cave upwards. 


THEOREM 8. Let o < a < l and let z(t) - a oscillate 
with discrete zeros. Then the oscillations are damped 
and 

lira z(t) = a . 
t=°° 


PROOF. Let € 1 , e 2 , ... and 8^ & 2 , ... be the amplitudes of 
successive maxima and minima respectively, with 8^ occurring before e^ 
and we consider only large t so that the oscillations have the form 
described in Theorem 7• 


Suppose € 1+ k is the maximum which follows by one unit the first 
zero of z(t) - a after B 1 . Then clearly e n+k is the maximum following 
by one unit the first zero of z(t) - a after 8 n , n = 1, 2, ... . Also 
8 n+k+i 13 the minimurn following by one unit the first zero of z(t) - a 
after e n » 

A trivial estimate yields 


and 


n+k 


a - 8 


n+k+1 


> ae 


But then 



/ r 

i ~ € n-2k-ll 

,i 


*n < a 

-jexp a 

1 - e 

- ’J 

*■ • 


We show that c n < • 

Consider the function 
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f(c) - a -jexp a - e~ 6 J - ij- . 

Now f(o) - o and 

f 1 (€) * a 2 exp a ^1 - e~ € - c/aj . 

Thus, for € > o, 

f'(e) < a 2 exp a |^1 - e - e“ € J < a 2 < 1 

Thus c -> f (e) is a strict contraction of the half-line € > o onto 

itself. Since € n < f(€ n _ 2k-1 > < € n _ 2k _ 1 we have 

€ n ± +(2k+l)n * 0 

where n ± = 1, 2, 2k. But then 

lim € n = o . 
n=°o 

Since 

8 n+k+1 < a [l - e £n ] , lim 5 n = 0 . 

Therefore 


lim z(t) = a . 

t= “ Q.E.D. 

Thus for o < a < 1, <p( 1 ) > 0 , every solution z(t) is either 
asymptotic to z = a or is a damped oscillation and thus 

lim z(t) = a . 

t=» 

It seems likely that for a > 1 , some of the oscillations are 
not damped (there are only oscillations, see Theorem 9) and do not approach 
a limit value. 

THEOREM 9 . Let a > 1 /e and cp(l ) > 0 . Then no 

solution z(t) is asymptotic to z = a (except 

z(t) ■ a). 

PROOF. If z'(t) - [a - z(t - 1 )]z(t), let y(t) - 5 z(t) 
and then y(t) Is a solution of y'(t) - a[ 1 - y(t - i)]y(t) which is 
asymptotic to y I if and only if z(t) is asymptotic to z - a. Let 
C(t) - 1 - y(t) and then 5 (t) 0 with ?'(t) ^ 0 in case z(t) * a 

or y(t) / 1 as t-•> »• 

Suppose z(t) is asymptotic to z - a from below. Now 
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alitdi h . ?(t)] 

?(t) $(t) 

and we take t so large that a[ 1 - £(t)] * ay(t) >a' ■ a - € > •! , for 
a small e > o. Write 

R(t) > - SJJ&l > o 
C(t) 

and then 

R(t) > a’ exp J R(s)ds . 
t-l 


Say on n-l<s<n, R(s)>M>o. Then on n < a < n + 1, 
R(n) > a'e M > M and (since there is no point at which R(s) ■ a'e M ) 

R(s) > a’e M . By induction on n + k<s<n + k+ l we have 
R(s) > a'exp R(n + k - 1 ). 

Consider the number sequence C 1 - a'e M , C 2 * a’ exp a'e M , 

C n+ i - a* exp C n , ... . By observing that the graph of a r e x lies above 
that of x, we note that C n+1 > C n and 

11m C = + °o 
n*=» n 

Thus whenever 

a > l/e, ~ ~ ■-> + oo 

g(t) 

as t -> ®. 


Let T be so large that 

- ,,- S lLL ) > ic 
5(t) 

whenever t > T - i where k is a large constant specified later. Since 
on T < t < T + 1, R(t) > k, then 

R ( T + ? + ’ i ) > a ’ ek/2 - <*, 
where 0 < < ^ . Also 

R ( T + T + T s) > a' exp (| + | a'e k/2 ) - o> 2 
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U 

where o < t 2 < ^ . Similarly 

R ( T + + T n) > a ' exp (j + p> a ' ek/2 



n-l 


) 


where o < t < -~ 
- n - 2 n 


Consider the number sequence 


k/2 


“1/4 


“n4 n+1 


Take k * 2 log 100+2 so that a 1 > 100 . Then one easily calculates 
a n > I00 n so that 

11m a * + * . 

n-00 n 

But this Implies that R(t) is not bounded on T < t < T + 1. However this 
contradicts the assumption that £(t) 4 0 and thus the asymptotic approach 
from below is impossible. 

Next we show that there are no asymptotic solutions to y » 1 
from above when a > i/e. Here let §(t) = y(t) - 1 and suppose £(t) \ 0 , 
i '(t) To, and 

Hrfi 1 - a h + e(t)] • 

Also take t so large that a [l + £(t)] > a > l/e and let 

p(t) “Hr£r >0 • 

Again 

P(t) = a exp J P(s)ds 

t-i 

and P(t) -> + * as t -> ». Take P(t) > k whenever t > T - 1 and 

as above P(t) is not bounded on ' T < t < T + 1 which contradicts the 
assumption of an asymptotic solution with $(t) 4 °* Q.E.D. 

Theorems 8 and 9 show that if l/e < a < 1 and <p(i ) > 0 , then 
every solution is a damped oscillation tending to the limit value of a. 

The next result is the complement of Theorem 9 and proves the ex¬ 
istence of asymptotic solutions for 0 < a < l/e. 
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THEOREM 10 . Let 0 < a < l/e and <p(l ) > 0. Let*" 
the Interval between the zeros of z(t) - a be at 
least one, for large t. Then the solution z(t) is 
asymptotic to z ■ a. 

PROOF. Suppose z(t) has an oscillation, necessarily damped, 
about z * a. Then y(t) - ^ z(t) is a solution of y*(t) * 
a [i - y(t - i)]y(t), and has a damped oscillation about y * i. More¬ 
over the interval from each zero of y(t) -i (for large t > T) to the 
following extremum is of length one. 

Consider the family of curves w * 1 - Be”*' for B > o. We 
shall show that there exists a curve w(t) of this family which is tangent 
to y(t) between the minimum at t Q > T and the following zero t* of 
y(t) - i. 

Along y(t), define B(t), t Q < t < t ! , as the parameter value 
of the curve of the family through (t, y(t)). Then near t Q , B(t) is 
monotone increasing. Also 

lim B(t) ■ o . 
t-t* 

Define 


B - max B(t) 
t Q <t<t * 


and let w(t) * 1 - Be’"*'. Let t 1 be the abscissa of the first inter¬ 
section of y(t) and w(t) on t Q < t < t*. Then w(t 1 ) * y(t 1 ) and 
also w 1 (t 1 ) = y'(t 1 ). Also w(t) < y(t) on t 1 - 1 < t < t 1 . But then 


1 


Be 


-t. 


- Be 


w* (t,) y’Ct^ 
w(t,) y(t 1 ) 


a[1 - y(t 1 - 1 )] < a[1 


w(t, - 1 )] . 


Thus 


and 



< aBe 


e 


>i 


1 



> l/e . 


But this contradicts the hypothesis 0 < a < l/e and therefore there are no 
oscillatory solutions with half-wave length greater than one. Q.E.D. 
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In particular if o < a < i/e, 9(1 ) > anc ^ <P(t) / a on 
0 < t < 1, then z(t) is necessarily asymptotic to z * a. 

Finally we show that for a > 0 only positive solutions are 

bounded. 

THEOREM 11 • Let a > 0 and 9(1) < Then 
lim z(t) « - 00 . 

t = °o 

In fact, e at = o|z(t)| as t--> °> for each a > 0 . 

PROOF. Since <p(l) < o, then z(t) < o for t > 1 . Moreover 
z * (t) * [a - z(t - l)]z(t) < 0 and z(t) is monotonely decreasing for 
t > 1 . Since [a - z(t - i)] > a, 

lim z(t) = - 00 . 

t=°o 


Given a > 0 , there is a T such that, for t > T, [a - z(t - 1 )] > a 
and thus e at * o|z(t)l as t -> °°. Q.E.D. 

4 . THE REMAINING CASES, a < 0 

The next theorem shows that the only non-trivial behavior arises 
when both a and z(t) are negative. 

THEOREM 12 . If a < 0 and cp (1 ) > 0, then 

lim z(t) = 0 . 

t=°° 


If a * 0 and cp (1 ) < 0 then 

lim z(t) * - * 
t=°° 


and, in fact, e at * o|z(t)| as t -> » for 

each a > 0. 

PROOF. If a < 0 and 9(1 ) > 0 , then z(t) > 0 and 
[a - z(t - 1)] <a< 0 for t > 2. Therefore z(t) decreases monotonely 
and clearly 

lim z(t) = 0 . 

t* 0 O 

If a * 0 and 9(1 ) < 0, then z(t) < 0 and 
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z'(t) = - z(t - i)z(t) so z(t) decreases monotonely for t > 2 . Also 

lim z (t) * - 00 . 

t*oo 

Then given a > 0 , choose T such that, for t > T, -z(t- 1 ) > a. 
Therefore e at * o|z(t)| as t -> 00 • Q.E.D. 

THEOREM 13 * Let a < 0 and 9(1 ) < 0 and assume 
z(t) 4 a. Then 

1) if z(t) < a for a unit interval, 

lim z(t) = - 00 ; 

t=» 

2) if z(t) > a for a unit interval, 

lim z(t) = 0 ; 
t=» 

3) in all other cases z(t) - a oscillates 
and is both positive and negative in each 
unit interval. 

PROOF. By the corollary to Theorem 3 , z(t) 4 a on any unit in¬ 
terval. In cases 1) and 2) the conclusions follow just as in Theorem 12. 

The three cases clearly exhaust the possible behaviors for z(t). Q.E.D. 

It Is not known whether the oscillations of case 3) above can 
occur. However if, on 0 < t < 1 , cp(t) 4 a, or has just one potential 
zero, then case 3 ) is impossible (cf. Theorem 7 )- 

5. ADDENDUM 

After this paper was submitted, the authors noted the closely re¬ 
lated work of E. M. Wright [ 4 , 5, 6] on the same functional equation. There 
is some overlap in the results but in certain interesting aspects the papers 
complement one another. For example, Wright solves the problem treated in 
our Theorem 2 by finding analytic solutions on the whole real line, cf. 

[5 and 6 , thm 9]. Also, he strengthens our Theorem 8 , cf. [ 6 , thm 3 , 
by replacing our estimate of 1 by 3/2 and he suggests */2 as best 
possible. On the other hand, our principal Theorems 9 and 10 on asymptotic 
solutions seem new. 

Yale University 
Princeton University 
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II. ON THE CRITICAL POINTS OP A CLASS OP 
DIFFERENTIAL EQUATIONS 

Solomon Lefschetz 


1 . This Note is closely related to Barocio*s Mexican thesis, 
and we shall largely use its terminology and notations with slight variants. 
In particular 

[x] p , tx, y] p denote convergent power series in x or x and 
y beginning with terms of degree > p; 

E[x], E[x, y] are convergent power series such that 
E( 0 ) = E( 0 , 0 ) = 1 ; 

TO-curve denotes a path leading to or away from the origin in a 
definite direction. 

The systems which we study are of the general type: 

- <y - c<*» 

(1 .1 ) - [y 2 - 2 A(x)y + B(x)]e(x, y) 

A = [x] 1 ; B, C = [xl 2 . 

All systems with both characteristic roots zero but with terms of 
the first degree not all zero are reducible to this form. Furthermore sys¬ 
tems (i.i ) are characterized as those whose paths are orthogonal to the 
paths of a Bendixson system (one characteristic root / o), a result due to 
Barocio. This orthogonality already enables one to obtain considerable in¬ 
formation regarding the local phase-portrait of (l .1 ) from the known local 
phase-portrait of Bendixson systems. However while the latter case only 
possesses hyperbolic sectors, (i .1 ) may well have a set of nested ovals. 

Such a system was in fact explicitly obtained by Courtney Coleman (1955 
Princeton thesis). How many such sets may arise has as yet been an open 
question. The following proposition which we shall now prove answers the 
question:- 
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( 1 . 2 ) THEOREM. A system with both characteristic 
roots zero but with first degree terms not all zero 
possesses at most a single sector of nested ovals 
(= s. n. o.). In the reduced form (1.1 ) this single 
sector if it exists must be crossed by the y axis. 


The proof will consist primarily in showing that in the form 
(1 - 1 ) no s. n. o. can be on just one side of the y axis. Once this is 
proved the full theorem follows with ease. 

2 . In our treatment we shall pass to the system equivalent to 

( 1-0 


d£ _ [y a - 2 A(x )y+B(x )]E(x,y) 
3 * - (y-C(x)) 


We shall first discuss the possible existence of an s. n. o. to the right 
of the y axis. In that region there may exist branches issued from the 
origin where ^ = o. If there are such branches there are two of them 
and we denote them by r^, r^. In our region there exists always a branch 
Ty where ^ * o. 

The branches r H are jointly given by 

( 2 . 2 ) y 2 - 2 A(x)y + B(x) = o . 

If A=A 2 -B=[x] 2 , then the two branches are given by 

(2.3) y = A(x) + */a . 

Now upon drawing the various sketches corresponding to the r^, Ty 
branches to the right of the y axis, we readily find that the only dis¬ 
position that might give rise to an s. n. o. to the right of Oy is the 
one of Figure 1: the r branches In the first quadrant and the rjj above 

V 

This figure is drawn under the following conventions adopted by 
Barocio: the r H branches are in dotted lines and Ty Is a continuous 
line. 

Now Figure 1 is only compatible with A = a 2 x 2 ^E(x), or else 
A(x) « a 2 x 2 k+ 1 E(x). In order that the two r H branches be in the first 
quadrant we must have one of the following two systems of representations 
for our branches: 
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FIGURE 1 

I • r H : ^ a ( x ) > 

r£ : y = bx q E 2 (x) , 
r y : y = cx r E 3 (x) , 

P £ 0 . £ r; a, b > o, c > o. 

0 means that iy Is the x axis. 

r H : y = + a ** 1 + 1 ^ 2 E 1 ^x 1 ^ 2 ^ 

: y * (x) - ax q+1 ^Eg^x 1 Z 2 ^ 

q> = ax p + ... + px q , a > b, a > 0 ; 

: y = cx r E 3 (x); 

r > p, or else r = p and c £ a 

The types I and II will have to be examined separately. 

In the sequel it will be simpler to omit units here and there, at 

the cost of replacing * by * . Thus we will write for example for 

under I: 


Observe that c = 

II. 


: y * ax p 
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By the order of a TO-curve or simply order we shall mean the order 
of y(x) on the curve. 

Our general method will consist in first finding the possible 
orders of TO-curves by means of the Newton polygon. Then if ^ is such 
an order we apply the transformation y ■ x 4 y 1 . It will turn out that 11 
is always an integer. The transformation replaces the given equation by a 
system 

dy, A(x,y,) 

■i— — 3 ■■ —. — ■ ■■ — - - 

dx x r B(x,y 1 ) 

with x * o as a solution. The images of the TO-curves of order ^ can 
only be solutions tending to critical points P, Q, ..., other than the 
origin on the y 1 axis. These are given by the critical equation 

A(o, y 1 ) * o , 

and among them those corresponding to ends of an s. n. o. must be nodes. 

The strict saddle points are thus to be eliminated at the outset. 

3 - Consider first case I. The equation (2.1) becomes 

( 3 . 1 ) dy ^ , pgq<r . 

dx - (y-cx r ) 


The possible orders are found to be n * p + l, q* The s. n. o. require 
orders between p and q and beyond r. We consider the various possi¬ 
bilities . 

Ia. p = q. This is only compatible with r = p, p + 1. Here 
n * p, p + 1. Testing first n » p (a necessary order) we find 

dy, x(y,-a)(y,-b) + W, (y,-cx r ' p ) 

(3,2) - * " r»_v). • 

dx - xCy^cx 1 ^ p ) 


If r * p + 1 the only critical value is y 1 - 0 and so this is out. If 
r * p we have y. * c as •qritical value 4 0. The transformation 
y 1 - c - y replaces (3«2) by 


( 3 . 3 ) 


* * 
dy „ pcy + .. * 

dx - x(y +dx+...) 


Hence P : y 1 * c is a Bendixson point. As it is the only critical point 
ends of s. n. o. must be imaged in arcs from and to P. This would make 
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of P a point with an a. n. o. and this is ruled out for a Bendixson point. 
Hence there is no a. n. o. in the present case. 

When q > p we have several possibilities. 

Ib. q > p + 2 . This requires 11 = p + i, q, and hence r « q. 
Taking first n - p + 1, y = x p+ 1 y, we find 


( 3 - 4 ) 


dy, t (xy, -a)(y, -bx q ~ p ~ 1 ) + (p+i )y 1 (y^ox^ -1 ) 
ax - x(y,-cx q-p_1 ) 


( 3 . 5 ) 

Its only 

( 3 - 6 ) 


The critical equation is 

(p + 1 )y® - ay, - o . 

root y o is y, = p = a. Setting 

* * 


s- 


lx + ay + ... 
- ax + ... 


*1 


a = y* there follows 


Hence this point is a saddle-point and so it is ruled out. 
For n = q and y = x q y 1 we have 


( 3 . 7 ) dy, _ (y 1 x q ~ p -a)(y,-b) + qy^'P ' 1 (y,-c) 

dx - x q-p (y,-c) 

The only critical value is y^ = b. Setting y^ - b = y there follows 


( 3 . 8 ) 


* # 

. z *y » -..v- , 
dx - x q “ p (y +b-c) 


a Bendixson critical point and as before this rules out an s. n. o. 

Ic. q = p + 1. Hence r = p + i and we only have u = P + l> 
hence y » x p+, y,• This time 


( 3 . 9 ) 


dy, t (y,x-a)(y,-b) + (p+i )y, (y,-c) 
dx - x(y,-c) 


The critical point equation is 

f(y,) - (p + l)y,(y, - c) - a(y, - b) = 0 . 
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Suppose first b j* c. Since is above r v necessarily b > c. Since 

some TO-curves must be above and some below Ty, b must be between 

the roots of f(y 1 ) if there is to be an s. n. o. This requires that 
f(b) < o. However f(b) » (p + 1 )b(b - c) > o and so there is no s. n. o. 
here. 

Suppose now b * c. More generally we may have representations 

: y « a(x), : y * P(x), r y : y * y(x) , 

where P, y are of order p + 1 , P - 7 * & is of order s > p + 1, and 
if 5 * dx 3 + ..., then d > 0. Thus here 

dy ^ (y-a)(y-P) 
dx - (y-7) 


The regular transformation 


x = x, y = z + P (x) 

replaces topologically the right of the y axis and its 3. n. o.’s by the 
right of the z axis and its s. n. o.'s. Thus it will be sufficient to 
eliminate the latter. Now 

dz •. (z-(a-p))z + p f • (z+ 5 ) 
dx - (z+ 5 ) 

(3.10) = Z 2 - e(x)Z ♦ P'6 

- (z+ 6 ) 

. (z-C,(x))(z-? 2 (x)) 

- (Z+6 ) 

Notice that since 

p *6 * (p + i )bdx p+<1 + ... , 

p '6 > 0 for x small. Hence if s^ s 2 are the orders of C 2 then 

s 1 + s 2 * p + s and £ 1 , (f 2 have the same signs for x small. Since 6 
is then also positive, (3.10) is like our initial system but with r v be- 

10 * 

low Ox. If 5 2 are > 0, and are above Ox and an ele- 

raentaiy sketch excludes at once an s. n. 0. 

Suppose now £ 1 , $ 2 both < °* Th 0 change of variable z * - z 1 
replaces (3.10) by 
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dz 1 Mzj+fcg) 

dx - (z 1 -C) 

where now - ty* - t 2 > B>0 for x small and their orders are still a,, 
s 2 , s with s 1 + s 2 * p + s. Suppose s 1 £ Sg. The only possibility for 
an s. n. o. is s 2 - s 1 + 1 « s. This yields s ** p + i which contradicts 
s > p + 1 and eliminates the s. n. o. in the present instance. 

To Siam up then no s. n. o. may arise under case I. 

h. Passing now to case II of No. 3 > a first change of variables: 
x = u 2 will yield 

dy ^ 2 u(y-¥ (u)-au 2 ^'*' 1 )(y-Y(u)+au 2( ^ +1 ) 
du - (y-cu 2r ) 

* * cm 2p + ... + 0 u 2q ; q > p; a, a > o . 

From Figure l we know that an s. n. o. requires TO-curves between the two 
Tjj branches and so of order 2 p, and also that c > 0 . We apply then 
the transformation 

20 

U = U, y = U P y 1 

and obtain 


dy, > u 2 (y,-a ) 2 + py, (y,-ou 2 ^ r_p b 

du - u(y,-ou 2 ' r-p ^) 

There are now two possibilities: 

(a) r > p. The only critical point is at the origin. This means 
that possible TO-curves are of order > p and it excludes an s. n. o. 

(b) r = p and hence c i o. There are critical points at the 
origin and at y 1 « c. The origin has characteristic roots c, - 2 pc so 
that it is a saddle point. The point A is of Bendixson type. Therefore, 
as under case (a), there is no s. n. o. 

This completes the proof that the system (i .1 ) possesses no 
s. n. o. to the right of the y axis. 

5. It is much easier to show that (l.i) possesses no s. n. o. 
to the left of the y axis. To begin with the change of variables 
x -> - x, y-> y reduces (1.1 ) to the type 


C5.D 
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for which we must show that it has no s. n. o. to the right of the y axis. 

Upon drawing the possible sketches for ( 5*0 it is readily found 
that Figure 2 is the only one consistent with an s. n. o. The two r R 
branches are separated by the x axis but the Ty branch may run above 



or below Ox or even coincide with it. We have again two possible cases: 
I. : y = axP, a > o 

r H : 7 = + bxq ' b < 0 

r . y = cx r , r > p or else r = p, 

v and hence c / o 

■0 

1 P + ^ 

II. : y * ax , a > o , 

2 P + 1 

r| : y = - ax , P > 1 , 

r v : y i cx r , c > o, i* > p + ■£ • 
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The justification of the representations for the two r H is as follows. 
Their general form is 


y = A(x) + /a 

In order that they be separated by Ox, >Ta must be of lower order than 
A(x) and this leads to the indicated representations. 

1 / 2 * 

As a matter of fact the change of variables x ' -> x re¬ 

duces II to the type I, so that we only need to consider the latter. Thus 

(5.1) takes the form 

(5.2) ^ (y-a* P )(y+b?ft> _ 

dx (y-cx r ) 

If q < p, the transformation y-> - y will replace ( 5 - 2 ) by a similar 

equation with q > p. Observe also that r > p. Thus we may assume q > p. 
The Newton polygon method gives rise to the following special cases:- 

(a) r = p. The possible orders are n = p, q + 1. The order 
q + 1 is out since an s. n. 0. requires TO-curves of orders g p and 
^ q. Thus p is the only possible order. The adequate transformation is 
y * x p y 1 . It yields 


dy 1 # x(y 1 -a)(y 1 -bx <I " p ) + py^-c) 
dx x(y 1 -c) 

The only admissible critical point is y 1 = c. It is found to be a Bendixson 
point and hence excluded as before (see 3, la). 

(b) r > p; q = p + 1. The only possible order is ^ « p + l. 

Since one order must be ^ p this case is ruled out. 

(c) r > p, q = p. The only admissible order is 11 * p + •§■ 

and is ruled out as under (b). 

(d) q > p + 1. Here we find \i * q, p + 1 which excludes n £ p 
and so this case is ruled out also. 

Thus no s. n. o. can occur to one side of the y axis. 

6. There remains to be shown that at most one s. n. o. can be 

crossed by the y axis. 

From (3.1) follows that the polar coordinate equation for de/dt 
is 

|| i ? y(y - cx r ) . 
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Since r > 1 the only possible tangent of the paths at the origin Is 
y - o. Upon drawing one s. n. o. tangent to Ox, it is found to absorb 
one Ty branch (Figure 3) • A second set would have to cause the existence 
of a second such branch. Since there is only one, there can exist at most 
one set of nested ovals crossed by the y axis. This completes the proof 
of our theorem. 



FIGURE 3 

That a set of nested ovals corresponding say to Figure 3 can exist is proved 
by the system 


Si « -JSE - . 

dx y - x 2 
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III. OPTIMAL DISCONTINUOUS FORCING TERMS 
D. Bushaw 

§ 1 . INTRODUCTION 


This paper is devoted to a problem which arose originally in the 
theory of automatic control system design (see [2] or [7]). The problem 
may be stated in the following form: 



(A) <p(x, y) assumes only the values - 1 and + 1. 

(B) For any point (x Q , y Q ) in some plane domain R 
containing the origin, a solution x(t) of the 
differential system 

(1) x + g(x, ±) = <p(x, x), x(o) = x Q , *(0) = y o 

exists, and there exists a (least) positive value 
of t, say t Q , such that for this solution 
x(t Q ) = *(t Q ) = 0. 

(C) For all points in R, t Q is a minimal with 
respect to the class of functions 9 satisfy¬ 
ing (A) and (B). 

Despite the essentially variational character of this problem, all 
attempts to apply standard variational methods to it have proved fruitless, 
and it has been found necessary to develop special approaches which might 
be described as elaborate combinations of fairly elementary techniques. 

The present paper is divided into three principal parts. In the 
first part (Sections 2 and 3 ) the problem is recast in a form in which the 
geometric point of view comes to the fore; in the second part (Section fc) 
certain general results are obtained which lead to a simplification of the 

29 
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problem; and in the last and longest part (Sections 5 - 7 ) I give the .solu¬ 
tion of the problem for the case in which the given function g is linear. 

§ 2 . TERMINOLOGY 

Instead of the differential equation (i ), it will be convenient 
to consider the corresponding "phase" system 

( 2 ) * * y, f = <p(x, y) - g(x, y) . 

I shall assume throughout that the given function g(x, y) has continuous 
first partial derivatives everywhere. 

Suppose for the moment that the function <p(x, y) is identically 
+ l; then the solution curves of (2) cover the entire plane exactly once. 
This family of curves will be called the P-system , Its curves P-curves , 
and the arcs of Its curves P-arcs . Likewise, when cp s - 1 , one obtains 
a family of solution curves which will be called N-curves , etc. Each P- 
or N-arc is automatically oriented by the increase of t along It. 

There is some question about what should be meant by a solution 
of (2) when <p takes on both of the values - 1 and + 1 , and is there¬ 
fore discontinuous. In order to avoid ambiguities, I shall adopt the 
following definition which, although it involves an element of arbitrari¬ 
ness, accords well with the classical definition and with the physical con¬ 
text in which the problem arises. For the sake of simplicity, the defi¬ 
nition will be expressed in geometric language. 

Suppose that p Q = (x Q , y Q ) is the point in the plane from which 
the solution Is sought, and suppose cp(x 0 , y Q ) = + 1 « Then one of the 
three following mutually exclusive possibilities must be realized: 

(i) There exists a P-arc beginning at p Q of positive length 
along which q>(x, y) = + 1. 

(ii) The condition (i) is not satisfied, but there exists an 
N-arc from p Q along which q>(x, y) ■ - 1 at every point but p Q . 

(Ill) Neither (I) nor (ii) holds. 

If (i), then if there exists a first point after p Q on the 
P-curve from p Q at which cp(x, y) changes sign, the solution is defined 
to begin with the P-arc from p Q to this point p 1 . If there exists no 
such point, the solution from p Q is defined to be that part of the 
P-curve through P 0 which follows p Q (the P-semicurve from p Q ). 

If (ii), the preceding paragraph should be applied with N in 
place of P. 
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If (ill), no solution from p Q is defined. 

Cases (i) and (ii) define the solution from p Q wholly or up to 
a certain point p 1 . In the latter case, the above process should be re¬ 
peated with p 1 in place of p Q , the letters P and N interchanged, 
and the numbers - 1 and + 1 interchanged. This will lead to the same 
trichotomy: either the solution is not defined beyond or it is com¬ 

pleted by a whole N- or P-semicurve originating at p 1 , or it is defined 
up to a certain point p 2 « Then p 2 (if it arises) is to be treated as 
p Q was, and so on. 

If q>(x Q , y 0 ) * - the solution from p Q is defined analogous¬ 
ly. 


Thus a solution of (2) consists of a countable (possibly finite 
or even vacuous) well-ordered sequence of alternating P- and N-arcs such 
that the initial point of the first arc Is p Q , the terminal point of 
each arc Is the initial point of the next, and q>(x, y) - + 1 on the 
P-arcs, - 1 on the N-arcs. 


If A Is the solution curve of (2) starting at a point p, and 
p ! is any point on A, then the solution curve starting at p ! is that 
part of A which follows p. Moreover, a solution curve cannot intersect 
itself at a point p unless it is periodic beyond p. (Here a solution 
can be "periodic beyond a point" without being completely periodic because 
the solutions are defined only unilaterally. ) 


A point on a solution curve which Is the terminal point of a 
P-arc and the initial point of an N-arc will be called a PN-corner . 

NP-corners are defined analogously. 


§ 3 . PATHS 

Instead of dealing with <p(x, y) directly, we shall deal with 
curves which might possibly occur as solution curves of (2) for various 
choices of cp, and consider the problem of finding such a curve of least 
possible time length which connects a given point p with the origin. It 
will be shown below that solving this problem is tantamount to solving the 
original problem. 

It is assumed throughout this section and the next that the func¬ 
tion g, and therefore the P- and N-systems, are given. 

A path from the point p is a countable, well-ordered sequence 
of alternating P- and N-arcs such that: 

1) The sum of the time lengths of the arcs is finite (■ t). 

2) The initial point of the first arc is p. 
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3 ) The terminal point of each arc is the initial point of 

the next. 

4 ) If there are finitely many arcs, the terminal point of the 
last arc is the origin; if there are infinitely many, then x(t) —-> o 

and y(t)-> o as t-> t, the path being parametrized in the obvious 

way in terms of the parametrization of the constituent arcs. 

5 ) No two of the arcs intersect. 

In order to avoid a conflict between 3 ) and 5 )> each arc is to 
be regarded as containing its initial point but not its terminal point; 
this convention will not restrict the generality of what follows. A path 
from p can therefore almost be described as a curve which could occur 
as that part of a solution from p (for some 9) which connects p with 
the origin. "Almost," because 5) need not hold for every solution of (2); 
but since our object is to find solution curves of shortest possible time 
length, nothing will be lost if we leave self-intersecting solutions out 
of consideration. 

A path from p whose time length r is not longer than that of 
any other path from p will be called a minimal path from p. 

In order to solve the problem stated in Section i it 

is sufficient to prove that there exists a unique mini ¬ 
mal path from each -point p in some domain R con ¬ 
taining the origin . 

Namely, one needs only to define 9 (x, y) * + 1 on P-arcs which 
occur in the minimal paths, and q>(x, y) - - 1 on N-arcs which occur in 
the minimal paths. Such a o(x, y) automatically yields the minimal paths 
as solution curves, and the minimal path from a point p is, by definition, 
the solution curve of least possible time length connecting p with the 
origin. 

This method defines 9(x, y) uniquely at every point of R ex¬ 
cept the origin, where the value of 9 doesn’t matter. To verify this, 
observe first that every point p of R must lie on at least one minimal 
path, the minimal path which begins at p. Thus 9 is given a value at 
every point of R. This value is unique, for if there were a point p 
at which it failed to be unique, this point would necessarily lie both on 
an N-arc belonging to one minimal path A t (say from the point p 1 ) and 
on a P-arc belonging to another minimal path A g (from p^). Denote 
those parts of A t and A 2 which lie between p and the origin by a 1 
and Ag respectively. Their time lengths t(a 1 ) and t(a 2 ) stand in 
some relation to each other, say t(a 1 ) < T(Ag); then t(a 2 - A 2 + a 1 ) < t(a 2 ). 
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The curve a 2 - S 2 4 - S 1 may not be a true path (for it may cross itself), 
but a true path may be obtained from it by cutting out whatever closed 
loops or retracings it may contain; and the resulting path is clearly short¬ 
er in time length than A 2 , but this contradicts the assumption that A g 
was the unique minimal path from p 2 - 

§ 4 . CANONICAL PATHS 

A path will be called canonical if it contains no NP-comers 
above the x-axis and no PN-comers below It. In saying that a comer lies 
above or below the x-axis, I mean that nearby parts of the arcs meeting at 
the corner are above or below it; the comer itself, regarded as a point, 
may lie on the axis. 

THEOREM 1 . Given any path A from p which is not 
canonical, one can find a canonical path from p 
whose time length is less than that of A. 

The idea of the proof is simple: given, say, a path with the 
NP-corner p above the x-axis, one denotes by p 1 either the last corner 
of the path preceding p or the last intersection preceding p of the 
path with the x-axis (whichever is nearer to p), and denotes by p M the 
corresponding point following p on the path. One then draws the P-curve 
forward from p* and the N-curve backward from p' 1 , thereby obtaining a 
four-sided figure as shown (Figure 1 ). If one now modifies the given path 



FIGURE 1 

by replacing the section p^pp 11 by the section p , p ,M p", the NP-corner 
is removed, no other such corner is introduced, and the time length of the 
path is reduced. To see this last fact, note that by (2) 

T (P , PP* 1 ) ■ f y” 1 ^ t(p»p'"p« i ) * J y^dx , 

p'pp" P , P ,,, pn 
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where the Integrals are extended over the indicated curves. However, for 
any given value of x the value of y is greater on p , p ,,, p ,f than on 
P'PP M J therefore the second integral must be smaller than the first, as 
claimed. If one applies this process to every NP-comer above the x-axis, 
and the corresponding process to every PN-corner below the axis, the re¬ 
sult is a canonical path shorter than the given path. To complete the 
justification of this conclusion, one must verify two things: (A) that it 
is always possible to construct the "quadrilateral" shown in Figure 1 ; 
and (B) that the process described introduces no self-crossings, so that a 
true path Is in fact obtained. The assertion (B) may be established by a 
straightforward survey of the possibilities, the fact that P- and N-curves 
can cross only in certain ways being taken into account. The verification 
of (A) follows. 

Let p, p f , and p * 1 be as described above; if the initial 
point of a path is regarded a 3 a corner, p 1 always exists, and the exist¬ 
ence of p M follows from the fact that the path goes to the origin. It 

will be shown first that the P-semicurve n beginning at p f passes over 

p^p * 1 and crosses the vertical line through p M . That n moves to the 

right as long as It remains above the x-axls follows from the first equa¬ 

tion in ( 2 ). If n is given by the functions x(t), y(t), where 
p* = (x(o), y(o)), then II has one of the following three properties: 

(i) For some t Q > o, y(t Q ) = o. 

(ii) lim inf y(t) = o. 
t —> » 

(ill) X(t) -> « as t -> oo. 

For if both (i) and (ii) are false, there exists a number e > o 
and a value T > o of t such that for t > T, y(t) > e. Since x = y, 
this gives 

t 

x(t) - x(T) = J y(t' )dt' > € (t - T) -> co as t -> «>, 

T 

so that (iii) holds. 

Thus, as t increases n must either approach the x-axis as 
closely as one wishes or move off infinitely far to the right. 

n starts off from p* above ^'pp M , for in the upper half-plane 
the P-curve through a point always has a greater slope there than the 
N-curve through that point, and even if p* lies on the x-axis (so that 
both curves have vertical tangents at p'), the radius of curvature of the 
P-curve at p* is greater than that of the N curve. This all follows from 
(2). n cannot cross the N-arc p'p, by what was just said about slopes; 
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It cannot cross the P-arc pp M , since P-curves do not Intersect one an¬ 
other; and it cannot tend as t —•> » to either of the points p or 
p M (which may be on the x-axis), for this would imply that the point con¬ 
cerned would be a singular point of the P-system, and this in turn would be 
inconsistent with the fact that the time length of pp ! » is finite. Thus 
all that was claimed for n is true. 

The corresponding argument can be given for N, the N-semicurve 
obtained by following the N-curve through p M backwards from p ,! : N 
also lies above p'pp’ 1 , and crosses the vertical line through p*. Thus 
n and N must intersect at least once; but they can intersect only once, 
for if there were two consecutive intersections one of them would nec¬ 
essarily involve an Impossible inequality between the slopes. This gives 
the unique point p ,,f and the "quadrilateral" sought. 

This completes the proof of Theorem l. 

COROLLARY. In seeking a minimal path from a point it 

Is sufficient to consider only canonical paths from 

that point. 

For it follows immediately from Theorem 1 that a path which Is 
minimal with respect to the class of all canonical paths is also minimal 
with respect to the class of all paths whatever. From this point on all 
paths considered are therefore assumed to be canonical . 

If g(x, y) happens to have the property g(- x, - y) a - g(x, y), 
discussions can be simplified; for if on this hypothesis we make in the 
equations (2) the substitutions x = - X, y = - Y, cp(x, y) - - ®(X, Y), 
we obtain 


X = Y, Y = ®(X, Y) - g(X, Y) , 

and these equations have exactly the same form as (2). This means that if 
p and q are two points symmetrical with respect to the origin, then 
whatever can be said about the P- and N-curves at p can be said about the 
N- and P-curves at q: e.g., if it can be proved that any minimal path 
from p must begin with a P-arc, it follows at once that a minimal path 
from q must begin with an N-arc. Since g(x, *y) always has the property 
named when it is linear (homogeneous), and g(x, y) will be linear in sub¬ 
sequent sections, this observation will be extensively used. Any result 
obtained from another by an appeal to it will be said to have been obtain- 
ed by symmetry . 
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§5. THE LINEAR CASE WITH COMPLEX CHARACTERISTIC ROOTS 

In the rest of this paper the fundamental problem of Section 1 
will be restricted by supposing that g(x, y) * Ax + By, where A and B 
are (real) constants. It is well known that the qualitative behavior of 
the P- and N-curves will then depend on the nature of the characteristic 
roots of the matrix 


(.: :)■ 

The first case considered here Is that in which these characteristic roots 
are complex . In this case (after a suitable redefinition of the units in 
which x and t are measured, if necessary) the equations ( 2 ) become 

(3) x * y, y = cp(x, y) - (x + 2by) , 

where |b| < 1. In this section it will be assumed further that b > 0. 

When b > 0 the P-curves for (3) are clockwise-oriented spirals 
for which the point ( 1 , 0 ) is the (stable) focus. If b = 0 the 
P-curves are ellipses with (1,0) as the center. The N-system may be 
obtained in either case by translating the P-system two units to the left 
along the x-axis. 

Let 

a = 

and consider the transformation 

(4) X = x + by, Y = ay . 

The use of X and Y may be regarded as the use of oblique coordinates 
in the (x,y)-plane. Under (4), the system of equations ( 3 ) becomes 

(5) X * - bX + aY + bq>, Y = - aX - bY + acp . 

and N-curves are given explicitly by 

X(t) - e _bt (Ae iat + Be _l0<t ) + 1 , 

Y(t) = ie -bt (Ae lat - Be" lat ) , 

where 


The P- 

( 6 ) 



(7) 


A 


j [X(0) - 1Y(0) + 1], B « A . 
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(Here and throughout what follows the upper sign pertains to the P-system, 
the lower to the N-system. The functions (6) represent ordinary logarith¬ 
mic spirals or, if b - o, circles.) 

LEMMA 1. The time length of any arc cut off from a 
P- or N-curve by two successive Intersections with 
the X-axis is */a. 

This may be easily verified by considering (6) and (7)* 

A useful sequence of numbers t n is defined as follows: First, 
put f Q * o. The P-curve starting at (S Q , o) - (o, o) reaches, after 
the lapse of - ic/a time units, a point (6^ 0); the N-curve starting 
at (ftj, o) reaches, after the lapse of */a time units, a point 
(ft 2 , o); and so on. 

LEMMA 2. The values of the numbers l n are given by 

n-1 

e n - (-l) n |e nb, '/“ e kb*/a j (n . ,, 2 , 

This formula may be derived from equations (6) and (7) by com¬ 
plete induction. 

The letter r will be used in this section to denote the P-arc 
joining the point (^, o) with the origin. 

LEMMA 3. If p € R, where R is the set which consists 
of the interval 0 < X < on the X-axis and the in¬ 

terior of the region bounded by this interval and r, 
and if A is that path from p which is obtained by 
following the N-curve through p to r and then 
following r into the origin, t(a) < jc/oc. 

PROOF. It will suffice to prove this for points on the X-axis 
only. The equations of r are 

X(t) - 1 - 0«- bt (e lat ♦ e- iat ) , 

( 8 ) 

Y(t) -^ie- bt (e- lat - e tot ) , 

where - «/a < t < 0. The point q - (X q , Y q ) is given by these equa¬ 
tions when t assumes some value - \(o < \ < n/o)# If q is regarded 
as the -in-n-.-ifli point of the N-are pq, the time necessary to reach p 
being - |i(o < ii < «/a), one obtains 



38 


BUSHAW 


(9) 


e b n (Ae -ian + Be ia ^) + i 
ie b ^(Ae" la ^ - Be la ^) [- ol 


as the coordinates of p, where 
A • B ■ y (Xq + 1 - 1Y ). The fact 
that the quantities (9; are real im¬ 
plies that Ae~^ aM is real. Putting 
its imaginary part equal to zero and 
using the explicit expressions for 
and Yq one gets 

e bx, sin a(x + n) = 2 sin an 

FIGURE 2 Because o < an < *, the right side, 

and therefore the left side of this 

equation Is positive. This, together with the inequality 0<a(X+n)< 2*, 
implies 0<a(\+n)<*> which was to be shown. 

With the aid of these three lemmas one can start finding minimal 
paths. The procedure will be to examine one part of the lower half-plane 
after another until a unique minimal path from each point in this region 
has been found; the rest will follow by symmetry. 



THEOREM 2. If p Is any point on the Interval 
0 < X < 1 of the X-axis, then given any path A 
from p which begins with a P-arc and whose time 
length Is less than */a, one can find a path from 
p which begins with an N-arc and whose time length 
is less than that of A. 


PROOF. A must behave as follows: it begins (by assumption) 
with a certain P-arc pq. This cannot return to the X-axis, for if it did 
it alone (and therefore the whole path) would have a time length exceeding 
ir/a, by Lemma i. From q, A follows some N-arc which crosses the X-axis 
but, as before, cannot cross It again. 

(It does cross the X-axis because if 
It were to stop short of the X-axis, 
or on the Interval o < X < i, the 
path would not be canonical; and If 
it were to stop on the X-axis to the 
right of (i,0), the succeeding 
P-arc would necessarily return to the 
X-axis and thus be too long.) The 



FIGURE 3 
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N-arc qr is followed by a P-arc which likewise must cross the axis at 
some point s, which must lie to the left of p, since otherwise A 
could not reach the origin from s without crossing itself. How A be¬ 
haves beyond s is irrelevant. 


If x » t( pq), n - x(qr), and a - x(rs), one can repeatedly 
apply (6) and (7) so as to obtain the coordinates of q, r and s in 
terms of these three variables and the abscissa of p; and from the re¬ 
sulting expressions elimination gives 


(10) Xg - 


a -yo. 


[ (x p- 


i )e 


-rx 


+ 20 


■7H 


7 - b - ai. 


It will be shown that if p and s are held fixed and X is 
reduced to 0, the result is a path which is shorter than A. First, 
d(x + u + a)/dx > 0; for since p and s are to be held fixed, X can 
be taken as the sole Independent variable in (io); and differentiating 
both sides of (i0) with respect to X leads to 


(ii ) 


HX 


(X + n + a) 


2e 7g (dc/dx) + 1 
(Xp-1 + 2 


This quantity is of course real; putting Its imaginary part equal to zero 
gives 


|Jy 1 2 sin an + (Xp - i )e” b ^sin a(x + n)l 

(12) L 

= (i - Xp)e” bX sin ax 

Using this to eliminate da/dx from the right member of (ii) gives 




(X + n + a) 


K sin 


2 sin an + 


(V 1 )e 


She 


sin a(x+n) 


where K is a quantity which can be seen to be positive on purely alge¬ 
braic grounds. It follows from ( 12 ) that the above denominator is posi¬ 
tive; thus the derivative has the sign of sin an* When X has its 
original value, this Is positive, since o<x + n + c< #/<*• As X is 
decreased the whole sum X + n + o decreases, n remains less than */a, 
and the derivative remains positive. Thus we may shorten A by decreasing 
X; and x may be decreased without changing the topology of the situation 
until one of two things happens; 

I. r comes into coincidence with s. But this is impossible, 
for if it occurred the shortened path would then contain an N-arc q*s 
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which would intersect the X-axis twice and thus be impossibly long. 

II. q comes into coincidence with p; that is, \ goes all 
the way to zero. This leads to the path whose existence was asserted. 

COROLLARY. If p is any point of the region R (see 
Lemma 3)> the conclusion of Theorem 2 remains true. 

PROOF. It is easy to see, by arguments like those used above, 
that a sufficiently short path from p beginning with a P-arc must be of 
the type pp*qrs ... shown in Figure 4. From the proof of the theorem it 



FIGURE 4 

follows that decreasing \ = T(p‘q) reduces the time length of the path. 
This process may be continued until either I (as described above) occurs — 
but this is impossible for the same reason as before — or the arc qr 
comes to contain the point p. In this case cutting off the closed loop 
pp^p leaves the path whose existence was to be proved. 

COROLLARY. If p c R, and A Is any given path from 
p such that t (a ) < n/a and which does not begin with 
an N-arc intersecting r, there exists a path from p 
which does and whose time length is less than that of A. 

PROOF. Let q be the initial point of the first P-arc of A. 

By assumption, q € R. The preceding corollary states that we may reduce 
the time length of A be replacing q ... with a path from q which 
begins with a non-vacuous N-arc qq 1 . If q 1 i R, there is nothing more 
to do; if q 1 c R, the procedure is to be repeated. Sooner or later the 
point q n , the initial point of the first P-arc of the path after n such 
modifications, must lie on or below r; for each point q n is like r 1 
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(Figure 4) and if all the points q n were to lie in R, then all the 
corresponding points like s on A would lie to the right of the origin, 
and this is inconsistent with the fact that A reaches the origin. 

THEOREM 3* If p € R, the unique minimal path from 
p is obtained by following the N-curve through p to 
r and then following r into the origin. (If per, 
the unique minimal path from p is obtained simply by 
following r into the origin.) 

PROOF. By Lemma 3, we know that there exists at least one path 
from p the time length of which is less than n/a; so we need consider 
only such paths. Then, by the second corollary to Theorem 2, we can 
further restrict our attention to those paths from p which follow the 
N-curve from p at least until it reaches r. Furthermore, it is enough 
to consider points p of R which lie on the X-axis; for once the theo¬ 
rem is proved for this case, It automatically follows for all points on 
the N-arcs connecting such points p with r. 

Let A be a path meeting these conditions. It begins with an 
N-arc which crosses r but does not return to the X-axis. The corner q 
is followed by a P-arc qr which must cross the X-axis once (it cannot 
stop there — unless q = 0 — for this would force the succeeding N-arc 
to be too long) but, for the usual reason, does not return to it. The 

N-arc of A beginning at r inter¬ 
sects the X-axis at some point s. 

The rest of the proof follows that of 
Theorem 2 almost to the letter. The 
time length of pqrs is obtained as 
a function of that of the N-arc pq, 
and by differentiation Is shown to 
be an increasing function of that 
variable. Thus the time length of A 
may be reduced by holding s fixed 
and reducing the length of the arc 
pq to Its least possible value, i.e., 
until q e r. The reduced "path" then reaches the origin before it reaches 
its next corner after q (in its new position), and is therefore still at 
least as long timewise as the path which the theorem asserts to be minimal. 
Thus the given path A is of greater time length than the asserted mini¬ 
mal path, q.e.d. 

Theorem 3 constitutes the first step in an inductive argument 
the whole of which will give the complete solution of the problem. 
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THEOREM 4. If p lies on the interval \t n \ < X < |l n+1 | 
of the X-axis, then the unique minimal path from p 
is that which consists of n + 2 arcs, the first of 
which is an N-arc of length x(o < \ < n/at), the last 
of which is of length a(o < a < n/a), and the inter¬ 
vening ones of which are all of length */a. 

The proof will be by induction on n (n = o, i, ...). Theorem 
3 gives the desired result for n * o. The first step is to determine the 

locus of the corners belonging to the paths described in the theorem. This 

will show incidentally that paths meeting the specifications of the theo¬ 
rem exist and are unique. It is clear that the corners must be obtainable 
in the following way: working backwards from the origin, one follows r 
(or r~, the reflection of r through the origin, depending on the parity 

of n) for some time interval - a(o < a < it/a), then turns onto an 

N-arc (resp. P-arc) and follows it for the time interval - it /a, thence 
follows a P-arc (resp. N-arc) for the same length of time, and continues 
to follow alternating P- and N-arcs until n of them have been traversed. 
The ends of the n tb arcs, as c ranges over its interval, describe a cer¬ 
tain curve E^ which is the locus of the first corners on the paths 
described in the theorem. It remains to verify that E^ is in the right 
place. By complete induction applied to the formulas (6) and (7), one 
may obtain as parametric equations of 

X n (a) = e nbir / a ( i - e bcT cos a a) + I l n l , 

(13) 

Y n (a) = e nbn ' a (- e ba sln aa) , 

where 0 < a < «/a. E Q i3 merely r; but from ( 13 ) it appears that E^ 
is the curve obtained by magnifying r by the factor e nbn / a and then 
translating the result |l n l units to the right. For each n, the curves 
E^ and E* n+1 meet in a cusp at the point (| 1, °)* From these con¬ 

siderations it is easy to see that the paths asserted to be minimal in the 
theorem exist and are unique; moreover, their corners are all on the curves 
E^ and those obtained from the curves E^ by reflection through the origin 

We are now prepared to embark on the proof proper of Theorem 4. 

As in previous cases, one begins by deciding how a path from p (p - (Xp, 0 ) 
|4 n | < X 1 < | £ n+1 |) which might be minimal can behave. It begins, let us 
say, with an N-arc of time length x, where \ > 0 . We shall assume for 
the present that \ also satisfies the condition 

04 ) 


\ < n/a ; 
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this assumption will be justified below. Thus the first arc of the path 
ends at a point q on or below the X-axis, and from q the second arc 
qr, a P-arc, emerges. Because the path is canonical, the arc qr must 
cross the X-axis, say at the point v; but here again we make a heavier 
assumption for which justification will be supplied later: 


(15) 


The point v lies on the interval 


- U n l < X < 


- IS 


n-l 1 


We can now assume (and this requires no further justification) 
that after the path passes v, it coincides with the minimal path from v 
given by the inductive assumption and symmetry. Thus r must have the 
coordinates (cf. ( 13 )) 

Xp = e (n -’ ^/‘V'cos aa - 1) - t^.,1 , 


5 (n-i )Wa e b<r sin 


where a, the time length of the last arc of the path, satisfies 
0 < a < n/a and depends only on p and X, the time length of pq. If 
the length of qr is n, then using ( 6 ) and (7) for the P-arc of time 
length - [i with the initial point r one can calculate the coordinates 
of q as functions of a and n. Then following the N-curve from q 
for the time length - X, one gets the coordinates of p as functions of 
X, n, and a. With the use of Lemma 2 the result of this calculation can 
be put in the form 

n-i 

(16) Xp + 1 = e 7 ^| p n-1 e r ° - s £ p k je r,i + 2 

where p = e blt ^ a and again y « b - ai. Our problem Is to minimize the 
quantity T=x + *i + <j+ (n - 1 )n/a, the time length of the path, under 
the conditions set out above. For a fixed p, T may be regarded as a 
function of x. The range of variation of x is o < x < x Q , where X Q 
is that value of X corresponding to a - n/a. The remainder of the proof 
follows familiar lines. The result of differentiating both sides of ( 16 ) 
and suitably rearranging the terms is 



dT 


(i"- 1 P k )(dp/dx) + e" rtl 

2(^- 1 p k ) - P n -V a 


( 17 ) 


2 
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The denominator cannot vanish for the values of b and a which have been 
admitted. Separating real and imaginary parts on the right side of ( 17 ), 
setting the latter equal to zero, and using the resulting equation to 
eliminate da/dx from (17) yields 


dT/dX - K sin an/sin a a , 


where K is positive in any case. Since 0 < a < x/a, the sign of the 
derivative is that of sin aji. However, sin an « 0 if q is on E n * 
When x is smaller, so that q is above E^, sin c^i and therefore 
dT/dX are negative; when larger, positive. Thus T assumes its minimum 
value when nan/afqcE^), as was to be shown. (In the extreme case 
Xp * 16 n+ , |, the only path meeting our conditions Is given by X * 0 
and n * x/a; thus It must be minimal.) 


It remains to justify the assumptions (l4) and ( 15 ) used above. 
The assumption (l4) will be justified by showing that a path from p which 
satisfies (14) can be found with a time length shorter than that of any 
prescribed path from p which does not satisfy (i4). To say that (l4) 
does not hold for a path A is to say that the initial N-arc of A not 
only returns to the X-axis (on the negative half) but crosses it. Let v 
be the point at which this happens. If one by-passes the point v by 
means of a short P-arc, a canonical path which satisfies (i4) and has a 
shorter time length than A is obtained. That this is possible follows 

from the fact that at v the P- and 
N-curves have a common (vertical) 
tangent, while the curvature of the 
P-curve is less than that of the 
N-curve; this may be verified using 
the underlying differential equa¬ 
tions. If the P-arc introduced is 
short enough, it cannot touch A at 
any points but-its endpoints, so the 
modified path is again canonical. 

That it satisfies (l4) should be ob¬ 
vious; that its time length is short¬ 
er than that of A follows from the 
proposition: 
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If p « (ft, n)> where ft < - 1, 
is a point near the X-axis, and if x 
and x 1 are the time lengths of the 


respective shortest P- and N-arcs joining p with the X-axis, then x < X'. 

Proof : Let tj < 0, and regard p as the initial point of the two 
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arcs. Using (6) and (7), together with the fact that the end points of the 
arcs are on the X-axis, one finds that the quantities 

t(t - 1) - i n ]e ta \ [ ({ + 1 ) - lT)]e 1 “ x ' 

must be real. Setting their imaginary parts equal to zero gives 

tan a\ » - ti/(- £ + 1 ), tan a\* = - r\/(- z - 1 ) . 

The desired inequality now follows from the fact that tan u is an in¬ 
creasing function near u = o, since - n/(- £ + i ) < -n/(- £ - 1 ). 

In the following justification of ( 15 ) it will accordingly be 
assumed that all paths considered satisfy (i4). It will be shown that any 
such path for which (i5) is not true must have a greater time length than 
Ap, the path from p which the theorem asserts to be minimal. 

Let A be such a path. It begins with an N-arc of length 
\(o < \ < n/a). If the terminal point of this arc is again called q, then 
q is the initial point of a P-arc on A which, by the argument just given 
and symmetry, may be supposed to stop short of crossing the positive half 
of the X-axis. If r is the terminal point of this arc, there comes next 
an N-arc starting at r which goes at least to the positive half of the 
X-axis, say at the point s. It follows from the definition of Z n that 
|l n _!| < X g . On the other hand, since A does not cross itself, it must 
be that 

x s < *p < l* n+ il 

We cannot be so specific about what A does beyond s; but sooner or 
later, in order to be able to reach the origin, A must cross one or the 
other of the intervals 

08) I£ n _t I < x.< U n l, - U n l < x < - |e n-1 | , 

for these intervals together with the N-arc joining (- U n l; °) with 
(| & n -i I > °) and the P-arc’joining (U n l, °) with (- |l n-1 |, o), neither 
of which can be crossed by A, form a simple closed curve separating p 
from the origin. Let N(a) denote the number of times A crosses the 
X-axis before crossing one of the intervals ( 18 ); our problem is to show 
that if N(A) > o, t(a) > t (Ap). To this end we first prove: 


(19) 


nn/a < t(2L) < (n + l )n/a . 
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In terms of the notation developed In the main part of the proof, we know 
that 


T(Ap) - X + or + nx/ct . 

Putting *a = */a in (16), one obtains: 

v , , > X r or ,n k n 7 cr i 

X_ + i * e' l2£ Q p - p e' J 

Since the imaginary part of the right member vanishes, we have 
p n e^ a sin a(x + a) = 2(Zgpk)sin ax . 

But on Ap, 0 < X < n/a and 0 < X + a < 2*/a. These inequalities and 
the above equation imply o<x+a<«/a, and this in turn Implies (19). 

We can say first that if N(A) > 3 , then A has a greater time 
length than 2 ^; for when N(a) > 3 , A begins with a curve pqrs 
as described above, and s is followed by a curve sq'r's' of the same 
sort. If v and v 1 are the points at which the arcs qr and q’r' 
intersect the X-axis, then one can use methods already developed to show 
that each of the four pieces pqv, vrs, sq’v', and v'r’s 1 has a time 
length greater than */ 2 a; and since the time length of that part of A 
following s' is, by the inductive assumption and (19), greater than 
(n - 1 )n/a, the time length of A itself must be greater than (n + 1 )n/a, 
which, by (i 9 )> is in turn greater than T(£p). 

The remaining cases, N(a) = 2 and N(a) = 1, may be settled 
Individually by use of the method of path contraction already used so ex¬ 
tensively above; the details, which are novel only in minor respects, will 
therefore be omitted from this account. 

This completes the proof of Theorem 4 . 

COROLLARY. If p lies in the closed region bounded 
by one of the curves E fl and the X-axis, the unique 
minimal path from p is that obtained by following 
the path described in Theorem 4 which passes through 
P* 

PROOF. Suppose that Ap were a path from p such that 
t (Ap) < *r(2p), where is that path from p which the corollary asserts 
to be minimal. Let p' be that point on the X-axis which is first reach¬ 
ed by following the N-curve through p backwards; clearly, |l n | < Xp f < 

| ft |. The curve composed of the N-arc p’p and Ap will be (after the 
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elimination of any loops, retracings, etc., that it may happen to contain) 
a certain path from p 1 , say Ap,. But 

t(Ap,) < t (p*p) + T(Ap) < x(p‘p) + t(Ap) * f(Ap,) , 

and this contradicts the fact (Theorem 4) that Ap, is the unique minimal, 
path from p *. 

Since b > o, | $ n | —> » as n —-> and the minimal paths 

discovered by Theorem 4 sweep out the entire plane; and by a simple adapta¬ 
tion of the proof of the preceding corollary one can show that the unique 
mi irtma.1 path from any point p in the third or fourth quadrant is the part 
following p of any minimal path among those already discovered which 
passes through it. By symmetry, one obtains a unique minimal path from 
each point in the first two quadrants. The complete solution of the prob¬ 
lem for the present case may therefore be stated as follows: 

THEOREM 5. Let C denote the curve composed of the 
pieces E^ given by 

X^ff) * p n (2 - e ba cos a a) + 1 + i 

Y n (ff) = - p n e bcr sin oca , 

(o < a < n/a; p =* e b*/ a . and n * 0, i, 2, ...) and 
of the pieces obtained from these by reflection through 
the origin. The curve C is homeomorphic to a straight 
line and divides the plane into an upper and a lower 
part. If the right half of C is counted with the 
lower, the left with the upper part, the unique mini¬ 
mal path from a point p in the upper (reap, lower) 
part is obtained by following the N- (resp. P-) curve 
from p until it reaches C, then switching to the 
P- (resp. N-) curve at the point where this occurs, 
then following this curve until it returns to C, 
then switching again, and so on, until the origin is 
attained. In terms of the function q>, this func¬ 
tion should be defined to be - i at all points 
above or on the right half of the curve C, + i 
elsewhere. 

It should be remembered that this is stated in terms of the trans¬ 
formed coordinates X and Y. The result is also valid for the original 
coordinates x and y if C is defined as follows: Let E Q be the 
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P-arc connecting the origin with the point (fi 1# o), E n the arc obtained 
by magnifying E Q by the factor p n and translating the result |ft n | 
units to the right (n - i, 2, ...); then C is the union all the arcs 
(n * o, i, ...) together with their reflections through the origin. 

§6. THE CASE - 1 < b < 0 

The preceding section contains the solution of the fundamental 
problem for the system ( 3 ) where |b| < 1, b > 0 . The first of these con¬ 
ditions was extensively used, but the second was first used at a very late 
stage, namely in the first sentence following the proof of the corollary 
to Theorem 4. Thus all of the results listed in Section 5 down to that 
point are equally valid when - 1 < b < 0 . 

But when b < 0 , p = e bn / a < 1 and so | $ n l approaches the 

finite limit a«(i+p)/(i-p) as n-> and Theorem k supplies 

us with minimal paths only from points on the finite interval 0 < X < a 
of the X-axis. These minimal paths sweep out a certain convex region S, 
and within this region, as in Section 5, we obtain a unique minimal path 
from each point. 

This is indeed the best that could be expected; for if p lies 
on the boundary of S or beyond, there is no path whatever from p. This 
assertion is easily proved. Let 
p - (a, 0) and - p - (-a, 0). The 
boundary of S is made up of the 
P-arc A originating at p and ter¬ 
minating at - p, and the N-arc B 
originating at - p and terminating 
at p, as shown in Figure 8. It will 
suffice to prove that no N- or P-curve 
can move into S from any point on 
the boundary of S. Consider B; it 
is an N-arc, so N-arcs cannot move 
inward from it. On the other hand, 
all P-curves crossing B do so moving outwards; for by the fundamental 
differential equations (5)» an outward normal vector to B at any point 
(X, Y) is given by (aX + bY + a, - bX + aY - b), while a tangent vector 
to the P-curve at the same point is given by (- bX + aY + b, - aX - bY + a). 
The inner product of these two vectors is 2Y, so that at all points on 
B strictly above the X-axis the angle between them is acute. At the end 
points the angle is 0, but there the radii of curvature are such that 
the conclusion holds good. A similar argument may be applied to A. 

In the present case the solution of the problem should therefore 
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THEOREM 6. When b < o, paths exist from a point 
p if and only if p is an interior point of S; 
from any such point the unique minimal path is ob¬ 
tained as in Theorem 5 # C being defined as before. 

§ 7 . THE LINEAR CASE WITH REAL CHARACTERISTIC ROOTS 

Sections 5 and 6 contain the complete solution of the problem of 
Section 1 for those cases in which the characteristic roots of the system 

(20) x * y, y - <p(x, y) - (Ax + By) 

are complex. When the characteristic roots are real, the matter is much 
simpler, and the general approach used above yields the solution much more 
rapidly. Since the problem has been solved in a more general form for 
cases of this kind (see references [6] and h]), I shall merely state the 
results here and omit all proofs. 

When at least one of the characteristic roots Is o, then A = o 
and the characteristic roots are in fact o and - B. The P-curves are ob 
tainable from any one of them by translation along the x-axis, and the 
N-curves may be obtained from the P-curves by reflection through the origin 
Let R denote the whole plane when B > o, the horizontal strip 
|y| < - B" 1 when B < 0. 

THEOREM 7 . Paths from p exist if and only if 
p c R; if C denotes the curve made up of the P- 
and N-semicurves terminating at the origin, the unique 
minimal path from any point p in R above (resp. 
below) C is obtained by following the N- (resp. P-) 
curve from p to C and then following C Into the 
origin. If p is on C the unique minimal path from 
p Is the part of C between p and the origin. 

The proof of this theorem does not depend on knowing the explicit 
equations for the P- and N-cfurves, and may therefore be generalized to 
cover certain nonlinear cases. 

When the characteristic roots for (20) are real and of the same 
sign, a change of scale brings (20) into the form 

x * y, y * <p(x, y) - (x + 2by) , 

where |b| > 1. The point (1, 0) Is a node for the P-system, stable or 
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unstable according as b is positive or negative. Now let R denote the 
whole plane if b > i, the open region bounded by the P- and N-semicurves 
joining (- i, o) and (i, o) when b < - i. With R redefined in this 
manner, Theorem 7 applies verbatim to this case . 

Finally, when the characteristic roots for (20) are real and have 
opposite signs, the system ( 20 ) can be reduced by a suitable change of scale 
to the form 


x = y, y * <p(x, y) + x + 2by , 

where b may be any real number. In this case the point (-1*0) is a 
saddle point for the P-system, and the N-system is, as usual, obtained by 
reflecting the P-system through the origin. If R is redefined as the 
open slanting strip bounded by the straight lines 

y = (b - '/b 2 + i)(x t ’) > 

Theorem 7 again applies verbatim . In this case it never happens that paths 
exist from every point in the plane. 


§8. CONCLUSION 

The preceding three sections contain the complete solution of the 
problem stated in Section 1 when g(x, y) is assumed to be linear. It 
should be observed that in every case there exists a unique minimal path 
from each point from which there exists any path at alls the region R 
for which the problem is solved Is the largest region for which it could 
possibly be solved. When the P- and N-systems are stable the region R Is 
the whole plane; when unstable, a restricted, though not necessarily bound¬ 
ed, part of the plane. These observations suggest some possible general 
existence theorems about which nothing appears to be known. 

Although, as I have pointed out, the solution for the case of 
real characteristic roots has been raised to a much higher degree of gen¬ 
erality, the solution given in Section 5 for the case of complex roots 
has not been advanced in any direction. In view of the highly special 
nature of the methods used on this case. It seems that a radically differ¬ 
ent approach will be needed to obtain any generalizations. 
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IV. ON THE STRUCTURE OP SYMMETRIC PERIODIC SOLUTIONS 
OP CONSERVATIVE SYSTEMS, WITH APPLICATIONS 1 

Ren 6 DeVogelaere 2 
INTRODUCTION 


If one wants to study a given algebraic curve, one will start to 
investigate the properties of such a curve near an ordinary point, but 
this will not furnish any information on the behavior of the curve in the 
large; the knowledge of the singular points will furnish one of the tools 
for such a study in the large and the classification of these singular 
points into double points, triple points, cusps, etc., will be of utmost 
Importance. A similar situation arises in the study of differential equa¬ 
tions. Let us take those of the type 



— U(x, y), 
dx 


= — U(x, y) 
dt dy 


(ttf + (a£> " 2U(x ' y ) • 

Here the properties of existence and uniqueness of a solution or of the be¬ 
havior near a solution, do not give any information on the set of all solu¬ 
tions in the large; moreover it is difficult to arrive at the complete 
knowledge of one solution for an infinite time except for periodic solu¬ 
tions, and for asymptotic solutions to periodic solutions. Periodic solu¬ 
tions may be taken as analogous to the singular points of an algebraic 
curve and their knowledge and classification may furnish a good tool to 
advance in the study of differential equations. 

1 This paper is extracted from a Report bearing the same title prepared 
under the sponsorship of the United States Air Force through the Office of 
Scientific Research of the Air Research and Development Command (Report 
No. 2 (1954), ix + 74 pp«> 3 Tables, 18 Fig.). 

2 University of Notre Dame, Notre Dame, Indiana. 
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A classification of periodic solutions is considered here and is 
made dependent on a correspondence of solutions of the differential equa¬ 
tion with points in the two dimensional space R 2 . Such a correspondence 
can easily be established in general, if there exists a surface which is 
crossed by every trajectory. This surface is called surface of section by 
Poincare; to successive intersections of the surface of section by the 
trajectories correspond successive points A and B in R 2 . The corre¬ 
spondence of B to A defines a transformation T of R 2 into itself, 
and the problem of finding periodic solutions of the differential equa¬ 
tions is equivalent to the determination of fixed points of the transforma¬ 
tion T. 


Unfortunately it is not, in general, easy to obtain a simple 
surface of section. Hence, it makes sense to consider the similar trans¬ 
formation that can be deduced from the successive intersections of part of 
a surface satisfying less stringent conditions. This transformation fur¬ 
nishes those periodic solutions which cross this surface and this gives at 
least a partial answer to the problem. 

In a certain number of applications, such as the billiard ball 
problem and the restricted three bodies problem, the transformation T is 
the product of two involutions M ] M Q . We shall restrict ourselves in this 
paper to such a transformation and shall study first the properties of T. 
Many of these properties are explicit or implicit in Birkhoff*s work. It 
will appear that some periodic points under powers of T are contained in 
the intersections eM n ^ p of the sets eM Q} cM y> ... 

of the points invariant under M Q , M 1 and sets generalizing M Q and M 1 . 

This permits a classification of the so-called symmetric periodic 
points p . 

One typical application Is given in the second part of the paper 
and concerns symmetric periodic solutions of conservative systems of two 
degrees of freedom having a line of symmetry and reversible, i.e., for 
which any trajectory may be followed in either sense. It Is shown that 
under some conditions the transformation T in this application Is topo¬ 
logical and the sets eM n are continuous curves. This Imposes, when the 
Invariant curves <M n are known for n < p, restrictive conditions on 
•V hence the fact that some knowledge of the more complicated periodic 
solutions can be obtained from the less complicated ones. The conservative 
property of T Is not explicitly mentioned here but is implicit because 
of the conservative system which is at the origin of T. 

When a family of differential equations is considered, the peri¬ 
odic points corresponding to the periodic solutions vary continuously and 
give rise to the structure of periodic solutions. This then is investi¬ 
gated to a great extent for a typical conservative problem, the problem of 
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Stdrmer, bringing together all the known results, throwing light on the 
role of the essential singularity of the problem and presenting new re¬ 
sults which had escaped former analysis. 

As a help to the reader, we mention a more elementary application 
on conservative transformations in the plane which sire products of invo¬ 
lutions, which we discovered recently and of which the following mapping 
is an example. 

X * - y + k(kx - y) 2 + j^x - ky + (k 2 - 1 )(kx - y) 2 J 
Y = x - (kx - y) 2 - k j^x - ky + (k 2 - 1 )(kx - y) 2 J 


CHAPTER I. PERIODIC POINTS OP SYMMETRIC TRANSFORMATIONS 


i. Definitions . Let us consider a one to one mapping T of a 
set E onto itself and an involution R of E. The study of both trans¬ 
formations is of interest only if some relation exists between them. We 
shall here consider that TR is also an involution and call T a symmetric 
transformation with respect to R. Such mappings, products of two invo¬ 
lutions were already considered by Birkhoff [i. Ip. 727 , II p* *H2, U 89 , 
668 , 718 ] [2, p. 186 ]. 

For the sake of simplicity we let (n being any integer) 


p 

By hypothesis, M Q 


p n = T 11 , - t"r . 

2 

M 1 = 1 and It is easy to prove that 


( 1 ) 

( 2 ) 

( 2 ' ) 

( 2 ") 

( 2 "') 


= RT“ n 

p n p q = p n+q 
P n M q ■ Vq 
*Vi P q ’ ^n-q 

«n M q ■ P n-q » 


the last relation gives, when n = q. 


the generalization of the hypothesis 




It follows also, that every product of a finite number of mappings T and 
R is a mapping P R or M n * 
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2 . Invariant Sets . W© define the subsets 9 n and cM^ of E 
as the sets of points left invariant under the mappings P n and P n 

for n > o is evidently the set of all the points of period n or divisor 
of n and P_ n = 9 n - 

We shall also consider the sets 


(3) 

(h) 


" *>q 

*^n,q ' n 


where n 4 q; we will in general assume n > q. 

We shall now deduce some relations; first 


(5) 

For, if A € *^ q , 


n C 
n,q 


n-q 


M^A = A, M q A = A 

and 

W - P n-q A = A * 


From a similar argument we obtain 


( 6 ) 


(**q" *>n-q) C ^n 


Also, as a corollary of (6), 

n ^n-q) C ^n,c 

and because of (4) and (5)> 


-*n,q C A «“* P n-q 


and so, 

(7) *> n _ q =^ n , q • 

We remind ourselves also that 


9 C 
n 


kn 


(8) 
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^n,q “ ^(n,q) * 

Also, If k - k' + 1 4 0 

®^n,q “^kCn-qJ+n, k'(n-q)+q 

for, because of ( 5 ) and ( 8 ), If A e cM_ , 

u, q 

P n-q A = A > P k(n-q) A * A 
and because of ( 2 *) and M n A = A, 

M k(n-q)+n A = A * 

similarly we have 


M k'(n-q)+q A = A s 

the two indices in the second set of ( 10 ) must be different, hence the re¬ 
striction on k and k'. 

In the special case q = 0 , k ■ - 1 and k* = - i. 


0 C cM^ _ 
n, o o,-n 


and because of the symmetry of this relation 
( 11 ) 

Finally corresponding to ( 8 ) and ( 9 ) we have 


cM = eM n 

n,o o,-n 


<’ 2 > ^n,o C ^kn,o 

< 12 ’> -*n,i c -*k(n-i>+i f i 

(’ 3 ^ e/ ^n,o n ®^q,o = e/ ^{n,q),o 

(13,) **n,i n **q, 1 = *^(n-i,q-i ) + 1, 1 • 


For the applications we have in mind, we introduce the following 
terminology: *M n will be called a set of symmetric points and a 

set of doubly symmetric points, so that the relations ( 5 ) and (7) are a 
more precise form of the following theorems: 
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THEOREM 1 • Every doubly symmetric point is period¬ 
ic under T. 


THEOREM 2 . Every symmetric periodic point is doubly 
symmetric* 


3» Transformations of the Invariant Sets . All the sets of sym¬ 
metric points may be deduced from and by means of powers of the 

transformation T because 


(14) 

( 14 1 ) 


for, in general 
(15) 


As corollary, 

(16) 

Also because of 


c 4i i 


2 n 


p cM 
n o 


°^2n + l = V*i 


P cM 

q n 


cM 


n+2q 


P r^n,q “ ex ^n+ 2 r,q+ 2 r * 


•*-n ' P -rf*n = M o M rf*n = M o^n > 

we have 

(17) ^K_ n = . 

Up to a transformation P n all doubly symmetric sets <M n may 
be reduced to the sets 

e^r 2k , 0 when n and q are even , 

^ 2 k- 1,6 wlien n is °dd and q is even , 

*^ 2 k+i,i when n an d q are odd , 

«^ 2 k- 2 ,-i when n is even a^d q is odd ; 

for instance, because of ( 16 ), 


P -,f* 2 k+ 2 j, 2 j " ®^ 2 k ,0 
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The last set may be reduced to the second one because of ( 16 ) and ( 11 ); 

P -k+i*^ 2 k- 2 ,-i " e4< o, - 2 k+i "®^ 2 k-i ,o * 
but no further reduction is possible * 

4. Classification of Symmetric Periodic Points . Because of the 
Theorems i and 2 , symmetric periodic points are doubly symmetric and con¬ 
versely, so that we have to classify in a unique manner the points of the 
sets But one of the Iterates of these points is contained in 

"* 2 k,o' ®* 2 k-i,o' ** 2 k+l,i 

and conversely. Iterates of points of these sets are points in n It 
Is thus sufficient to classify points of (*{)• 

Points are in different sets {A) for different values of the 
Indices, but because of ( 12 ) to (13 1 ) each point is contained in only one 
of the sets 

(?) t g iz>£ c ° ( k > 0 ) 

defined by 

*k =** 2 k,o - U ^n,o 
cxn< 2 k 

^k=^ 2 k-,, 0 - U A ,0 

o<n< 2 k-i 

^ k ="* 2 k +,,1 - U ^,1 * 

i<n< 2 k+i 

The properties of the points of the set (^) are as follows: 
i) the period is exactly and respectively 

2 k, 2 k- 1 , 2 k 

ii) -a point in a set £ £ Is in as well as its 

k th iterate because if A c £ £ 811(1 * B , then 

A e _ 2k , hence M Q A * A, M_ 2k A * A, M Q B - B; 
similarly 
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-a point in the set C £ is in cM 1 as well as 
its k th iterate and 

-a point in the set is in and its 

(k-i ) th iterate is in • 

As for the sets (^), we have 


iii) The period of the sets C £ and Z £ is k and 
that of *2) £ is 2k - 1. 

The iterates of the sets (^) will be denoted 


•e i jr 2 *• 

c k' * k f ^ k 


k-i 


And we have 
(19) 

(19' ) 

(19* 1 ) 


follows: 


R C 


k-j-i 


<2>i = 




5 . Other Properties . From a similar theorem on the indices 


THEOREM 3. The sets eM „ ^ are partitioned by the 

iij o 

sets Z • where 2i and 2j - i are all the 
divisors of n. The sets ^ 2n+1 ^ are partitioned 
by the sets C i , where 2i and 2j - i are all 

the divisors of 2n. 

From this theorem, one may deduce the partition of any set ^ n# q. 

Table I gives the partition of cM n corr e 3 P ondln g to some values 

of n and q: |n| < 4, |q| <4, n f q. 

If the sets «M _ are obtained in the order of increasing n 
n, p 

and for a fixed n in the order of decreasing p, parenthesis indicate 
the first time the sets C jj, ^ Z J are obtained for a fixed k, what¬ 
ever be j; brackets Indicate the first time the sets are obtained for 
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TABLE I 

The Partitions of the Sets cM n are Given Belov n, q. 
(For the conventions see Section 5 .) 



-*,-3 

-If,-2 

-4,-1 

-4,0 


9° 

e 2>° t° 

* 1 0 1 

9° 9\ 

8° 5° 


-3,-2 

-3,-1 

-3,o 

-4,1 



c° 9° 

<2)0 

*12 

2)° («3 2 ) 


-2,-1 

-2,0 

-3,1 

-4,2 


9 ° 

9° Z° 

C° 1 C°) 9° 

9° 9\ t° IZ\) 


-1, O 

-2, 1 

\ -3,2 

-*,3 


9 ° 

9 ° i9~') 

9° C2>’) 

9° 191 s ) 


1,-1 

2,-2 

3,-3 

4,-4 


(c°)9° 

9° t° (Z\) 

C° (C\) 9° 9° 

8? 


1,0 

2,-1 

3,-2 

4,-3 


■19°) 

9° (9\) 

9° (9~ x ) 

2>° (®|) 


2, 1 

2,0 

3,-1 

4,-2 

—-> 9 ° 

9° (Z°) 

c° 

•3>° Z° it\) 


3,2 

3,1 

3,o 

4,-1 

—•> 9 ° 

C ° 9° 

I9p 

S>° t® 2 ] 


^,3 

4,2 

4,i 

4,0 

—> 9° 

9° Z° 

2 , 05,-1 

9° Z° IZp 


fixed k vith the exception that sets related by ( 19 ) to (i9 M ) are con¬ 
sidered as equivalent; braces are used when this equivalence is not con¬ 
sidered. 


THEOREM 4. If all the ± are known for |i| < n, 
from the knowledge of o'M n and cM ^ we de ' 
duce the new sets 
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£ n -i' %n* when n is even and 

^ n ' when n ls ° ad * 

For Instance, when n * 2p the only new doubly symmetric sets are 
**2p,-2p + 2» ^2p,-2p+i ^ ^ 2 p,-2p because the others 

^2 P ,-2 P+ k (3 < k < 4p) 

are equivalent up to a transformation P k to 

^2p-2,-2p+k-2 

The new sets are equivalent to 

^Up^o’ **4p-i,o 811,3 °^4p,o j 

when these sets are partitioned with the aid of Theorem 3, only the im¬ 
proper divisors give new sets (^), hence the theorem. 

6. Non Existence of Symmetric Periodic Points . Let us consider 
two sets E 1 and E 2 which form with cM Q a partition of E, we have 

THEOREM 5« If the mappings of E 1 and cM Q are 
contained in E 1 , the sets *2) n and T, n are 
empty. 

For, T(E 1 U*# Q ) C E 1 is equivalent to 

T (£ Eg ) C E 1 

from which we deduce 

E g 5 C (T“ 1 E 1 ) = V'(CE,) 

and so 

2 - T"U 0 C Eg; 

hence <M Q _ 2 • 0; on the other hand by iteration of the hypothesis, 

0V# o C E 1 'and TfE,) C E,, 
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- T^o C E 1 

and so 

cM gp^ - 0 for p > 0 

but the sets and are contained in some T ^2p,-2 “ 0 (P £ °) 

and so these sets and their Iterates are empty* 

If E 3 > and form a partition of E, it is easy to 

prove 

THEOREM 6. If the mapping of and the mapping 

of <M are contained in Ey the sets C n and 
are empty. 

Also if and E^ form a partition of E we have 

THEOREM 6 bis. If and the mapping of E 3 

are contained in E 3 and If cM is contained in 
E^, the sets C n and *2) n are empty. 

CHAPTER II. APPLICATION TO A CLASS OP CONSERVATIVE PROBLEMS 
OP TWO DECREES OP FREEDOM 

The properties of Chapter i were suggested by the following appli¬ 
cation. 

Let us consider the canonical form of a conservative dynamical 
problem of two degrees of freedom 

(20) x * dU/dx 

(21 ) y * du/dy 

for which the following first integral is easily found 

(22) * 2 + S’ 2 - 2U(x, y, a) + h . 

Let us think of U as an analytic function in x and y; weaker con¬ 
ditions are studied in Section 13. In the problems which are naturally of 
two degrees of freedom, the constant a does not appear and h is the in¬ 
tegration constant; when the equations are deduced from a problem of three 
degrees of freedom with an ignorable coordinate, the constant a is the 
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conjugate coordinate and often h is fixed if a suitable system of units 
Is chosen. Hence there is no restriction if we write h = o or 

( 22 *) * 2 + f 2 2 U(x, y, a) . 

Different spaces may be used: 

1) The four dimensional phase space, 

2 ) The three dimensional surface (22 1 ) if a 
is fixed, 

3 ) A two dimensional surface of section [20], 

[I, II p. 70], if a Is fixed; but such a 
surface does not exist in general. 

k) The two dimensional sub space Q of the 
plane x, y : 2 U > 0. 

7 . Introduction of Symmetry . We shall now make the further hy¬ 
pothesis U(x, - y, a) = U(x, y, a), which means that the problem is 
symmetrical with respect to y = 0 . 

y * 0 is a solution of (21) and the solution on the axis of 
symmetry is reduced to a problem of one degree of freedom (20). 

When a is fixed, a solution of the problem which crosses y = 0, 
is determined up to a symmetry by the values of x and * at the time of 
crossing because y is determined up to the sign by (22'). The two di¬ 
mensional subspace & of the plane x, £ 

2 U(x, o, a) - £ 2 > 0 , 

is a generalization of a surface of section: this surface is made up of 
analytic pieces, but some discussion will have to be made when there are 
double points on the boundary and for regular boundedness [I, II, p. 70]; 
we do not ask that all the trajectories cross y * 0. 

If we are looking for periodic solutions of (20) and (21), sym¬ 
metry is very Important, because then symmetric periodic solutions may 
exist and these are much mpre easy to find than non-symmetric periodic 
orbits as will be indicated in Section 10. We shall consider here the sym¬ 
metry defined above, but what follows may be generalized to other cases. 

The two subspaces G* and tf will mostly be used. Each point 
A of ff not on the boundary gives the initial conditions of two sym¬ 
metric curves t a In 6 * crossing the line of symmetry y * 0 at A 
and followed in a definite sense and conversely. The points on the boundary 
of & correspond to the solution y = 0, x 2 * 2 U. 
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8 . Transformations of the Set If . Let us consider a trajectory 

corresponding to a point A of ff; if this trajectory again crosses 

y * o, then to this point A there corresponds a point B of ff and 
the differential equations define a transformation T of If into itself, 
T 1 is obtained by following the same trajectory in the other sense 
giving, if the trajectory crosses y * o at D: T ” 1 A * D. Let us now 

define the involution E of V as the reflexion about ± = 0; this 

corresponds in Q to the trajectory starting at the same point on y * o 
in the opposite direction. If RA = C, we have TRC = B and TRB « C 
and so TR Is also an involution. 

If T is a one to one mapping of & onto itself, i.e., if to 
each A corresponds a B and a D, then the application of Part I is 
immediate and E = &; if not, E will be the largest subset of & for 
which the transformation T deduced from T Is one to one onto E. An 
a priori knowledge of E Is then, in general, difficult to obtain, but is 
not necessary. 

9» Periodic Orbits and Symmetric Periodic Orbits . Solutions of 
(20) and (21 ) will be called here indifferently, trajectories or orbits. 

It is immediate that the sets of E correspond to the periodic 

orbits x crossing y = 0 at least once and conversely. We have now to 
find the meaning of the sets • cM' Is the set of points invariant 

under R, I.e., the set of points on x = o in E. These points corre¬ 
spond to trajectories perpendicular to y = o in £ , I.e., to tra¬ 

jectories symmetric with respect to the x axis or trajectories symmetric 
with respect to the plane y - o, ± ■ o in the phase space. 0 _ is the 
transform of <M 0 -under T (i4); these points corresponds to the n 
crossing of trajectories symmetric with respect to y * 0. If A is a 
point of eM j, TRA * A; to A corresponds in the phase space a trajectory 
x^ with initial conditions X(x Q , y Q = 0, ± Q , f Q ), to RA corresponds 
the trajectory x^ with initial conditions Y(x Q , 0, - i Q , - f Q ) and 

±(- t, X) = - x(t, Y) . 

After a time 2t } , x^ crosses y = o at X, and we have, because of 
TRA = A 

A(2t 1 , Y) * x(0, X) ; 

but because of the uniqueness in the phase space, this was true at any pre¬ 
ceding time, for instance - t 1 , and so 

*(t,, Y) * *<- t n , X) - - *(t t , Y) * 0 
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For the same reason ^(t 1 , Y) * o. The orbit will have one point of zero 
velocity or in £ a point on the boundary 2U « o, and A is the next 
point of intersection with y * 0. Because of (i4 f ) ®^ 2 n+i the set 
in E of the orbits starting from the zero velocity line and crossing 
y * o for the n th time. These orbits are symmetric in the phase space 
about £ * o, f « o. Symmetric points correspond to symmetric orbits in 
the preceding sense. 

The sets are defined in E, but we extend their definition 

in V in the obvious manner; they will be, in general, lines which inter¬ 
sect in doubly symmetric points which correspond (Theorem i ) to 

symmetric periodic orbits; the converse is also true because of Theorem 2. 

io. On the Advantage of Symmetry . Actually the sets cM n in V 
will be obtained by integrating the differential equations (20) and ( 21 ) 
with initial conditions (x, y = 0 ) € S, x * 0, y given by (22*) or with 
the initial conditions (x, y) satisfying U(x, y) = 0 , x = y = 0. The 
sets **n,q do not give all the periodic solutions, namely those which do 
not cross y = 0, and those which cross y = 0 and are not symmetric. The 
last ones may in general only be obtained with much more work, because we 
have then to integrate all the solutions starting with any value of x, x 
in 7 up to the second crossing with y = 0 in G ; by using the 
symmetry argument, the integration with the indicated initial conditions up 
to the first crossing with y = 0 is sufficient. 

Periodic orbits which do not cross y = 0 may be obtained in the 
case where there exists another plane of symmetry in the phase space, which 
could be for instance the x = 0 , f ■ 0 plane. 

But to deduce from this, that all non-symmetric periodic solu¬ 
tions are obtained, we must have more knowledge on the surfaces of section 
and prove that every trajectory crosses in the phase space either x ■ 0 , 
y « 0 or y = 0, x = 0. 


1 1 . Classification of Periodic Orbits . Because of the corre¬ 
spondence of the symmetric periodic points and the symmetric periodic 
orbits. Section h gives us a classification of symmetric periodic orbits. 

With the notation introduced at the end of Section 7, if 


Ac Z S C •*. 


2k, o 


we have with B 


T^A, 


M q A = A, M q B * B (Section k, ii) 
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S k 9 ^ - I^A - Q^RA = RT -1 A » R(T^”^B) i - 1, 2, ..k-1 

all the points being different because of the definition of jc£. The 
corresponding trajectory ^ crosses y * o perpendicularly at A and 

B and has exactly \ - i other points of intersection with y * o, 

such a trajectory will he noted 

Similarly to A e corresponds a trajectory 7 k with ex¬ 
actly ^ k points of intersection with y * o and with two points of zero 

velocity. Also to A € corresponds a trajectory 8 ^ with exactly 

k points of intersection with y * o at one of which (A) the crossing 
is perpendicular and with two points of zero velocity symmetric with respect 
to y * o. 

Using Table l, one sees that from the computation of 
cMy, 8 1 and 7 1 may be obtained, i.e., the periodic orbits symmetric 
or not with respect to y = o and having two points of zero velocity. The 
additional computation of cM 2 gives every orbit e 1 , e 2 and 8 2 , i.e., 

the symmetric periodic orbits with respect to y = 0 with two points where 
the crossing is perpendicular and without or with an additional crossing 
point and the symmetric periodic orbits with respect to y = o with two 
symmetric points of zero velocity and two points on y * 0 , one at which 
the crossing is perpendicular. And so on. 

12. Non Existence of Symmetric Periodic Solutions . If in the 
Theorem 5, E, - ( & f) * > °) and E 2 = n * < o) one has 

THEOREM 7. If all trajectories starting from y ■ 0 
with f > o and ± > 0 and which cross y * o are 
such that at the first crossing point & > 0 , there 
is no symmetric periodic orbit of type 8 or c. 

Moreover, if E^ = E 1 and = E 2 we derive from Theorem 6 bis: 

THEOREM 8 . If the hypothesis of Theorem 7 are verified 
and if all trajectories starting with zero velocity and 
y > 0 and which cross y * o are such that at the 
first crossing point £ > o, there is no symmetric 
periodic orbit. 

The additional hypothesis means that oM ^ C E^ hence 

i - R cM y C RE 3 « E U . 



68 


DEVOGELAEPIE 


REMARK* As such the two preceding theorems are not 
very useful, hut will become so when T is a topo¬ 
logical transformation. 

13 . Properties of the Transformation T . # 

THEOREM 9 * Let C g be a closed bounded domain in 

which U(x, y, a) has continuous bounded first partial 
derivatives in x and y and in which these derivatives 
satisfy Lipschitz's condition. Let I(x 0 ) be a closed 
set of intervals in x Q such that 

(i(x 0 ), y Q = o) * 

and ff* such that 

- !T n (i(x Q ), * G ) , 

then to every point P Q e corresponds a unique so¬ 

lution of the differential equations (2 0) and (21 ); if 
this solution crosses again y = 0 after a finite time 
t 1 , and before leaving the corresponding point 

P 1 is in a set ; and the original point is in the 
set the correspondence between and 

is one to one. 

PROOF. The system of first order differential equation (20) and 
(21) satisfies the condition for existence and uniqueness of a solution 
with initial conditions at t - t Q , ( x Q , y Q ) e g' and * Q , f Q satisfy¬ 
ing (22)5 moreover those solutions are continuous functions of x Q , y Q , 

X Q , and (t - t Q ) in [28, II, lUi]; hence the correspondence be¬ 

tween some subsets of ST is one to one and it is easy to see that ff £ 
and are such subsets. It is not so that those solutions are neces¬ 

sarily continuous functions of the initial conditions alone, for, t may 
increase indefinitely along absolution without these solutions leaving 
g', for instance when the solution is asymptotic to a periodic solution. 

THEOREM 10. If besides the hypothesis of Theorem 9, 

U admits in G' continuous bounded second partial 
derivatives which satisfy a Lipschitz condition, the 
correspondence between and tf\ is continuous 

and thus topological. 
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We shall restrict ourselves at first to the open domains of ff' Q 
and Zf\> a solution corresponding to a point in Zf' has then continu¬ 
ous first partial derivatives in x Q , y 0 , & Q , f 0 and t - t Q . In par¬ 
ticular, if y Q * o and y Q is determined by (22), y is a continuous 

function of x Q , * Q , and t - t Q , since f Q is by (3) a continuous func¬ 
tion of x Q and * Q . Now y becomes zero for t 1 => t - t Q , is differ¬ 
entiable and its derivative with respect to t does not become zero at 

P 1 (otherwise the trajectory would be on y * 0 and P 1 on the boundary 

of Zf' ), nor in the vicinity of P 1 (since ^ is bounded by (21)). 
Hence there exists a unique differentiable function t, = <p(* 0 > * Q ) which 
satisfies identically y(x Q , * Q , t,) * 0 [28, I, i 4 i-ifc 2 ]. If we replace 

t 1 by q> in the continuous and differentiable functions x and Jt, we 
obtain a result even stronger than the one stated. 

We have now to discuss points on the boundary of Zf '. If such 
a point Is not on the boundary of Zf, It Is Immediate that x and * 
are continuous and differentiable for any variation of x Q , Jc Q which 
points to the Interior of Zf' . If the point Is on the boundary of Zf , 
we need to consider more closely the solutions of the differential equa¬ 
tions near y = 0. If x(t), y = 0 Is a solution, any solution in the 
vicinity x + g, r\, satisfies the differential equations. 


(23) 

! ‘( 0 > 

( 24 ) 

-( 0 ) 

(25) 

jx = X? 


with errors of the type e (| e I + Ini), e tending to zero with £ and i\ 
if the time is bounded. 



because of the symmetry of U. The first equation Is equivalent to the 
third, and (25) shows that the variation g Is of the form Ax. For any 
initial condition r\ - 0, ^ / 0, the solution of the second equation at 
any finite time cannot be zero at the same time as rj, and so at P 1 , 
t] = 0 can be solved explicitly in t and continuity and differentiability 
follow easily for points on the boundary of Zf > for directions interior 
to Zf *. The proof of the theorem is completed if the points on the 
boundary are considered as limit points of corresponding sequences in the 
interior of Zf . This asks for the condition of finite time entering In 
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the definition of ff '. The following interpretation must then be given 
to points L on the boundary of 7 : if L is the limit of a sequence 
of points interior to U , the time t^ after which the correspond¬ 
ing trajectories cross y = o tends to a finite time t as tends to 
L. Theorems 9 and 10 may serve to prove under certain conditions, con¬ 
tinuity of the curves 2n as iterates of eM Q . It is also possible to 
write similar conditions which will serve to prove continuity for ®^ 2n+1 
as obtained from a set of initial conditions on U * 0. 

To investigate other properties of the curves eM n , many hy¬ 
potheses may be studied. We shall give as illustration the following theo¬ 
rems and considerations. 

14 . The Case of a Connected Bounded Domain G . 

THEOREM 11. If the domain £ is bounded, connected, 
and containing a segment PQ on y = 0; if in this 
closed domain U(x, y, a) has continuous bounded second 
partial derivatives in x and y and these derivatives 
satisfy Lipschitz conditions; if PQ Is a line of 
section, i.e., if every trajectory through any point 
crosses PQ after a finite positive time, the corre¬ 
spondence T is topological and the invariant curves 
are continuous. 

This follows quite directly from the two preceding theorems. In 
this case the set I(x Q ) is the closed segment PQ and e s ST. 

The invariant curves eM 2n are the iterates of the continuous segment PQ, 
and the curves *^ 2n+1 are Iterates of eM y which Is continuous by a 
reasoning analogous to the one in Theorems 9 and 1 0 because of the continuity 
with respect to the initial conditions corresponding to the curve 
U * 0, y > 0 . 

The end points of the curves are on the boundary of V , and 
correspond to trajectories infinitely close to the line of symmetry. Prop¬ 
erties of the immediate vicinity of y * 0 may hence furnish some proper¬ 
ties on symmetric periodic orbits; for instance. 

THEOREM 12. Let us consider two trajectories p and 
q infinitely near the line of symmetry, such that 
y - 0 (hence x * 0) at P and Q respectively and 
limited to a section corresponding to the segment PQ; 
if their total number of intersections with the open 
segment PQ is m, under the conditions of Theorem 11, 
there exists an odd number of periodic splutions of type 
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8 If m is different from one and an even number if 
m equals one. The case where p or q crosses PQ 
at P or Q requires a special Investigation. It is 
also necessary for the hypothesis of Theorem i 1 to be 
fulfilled that the periodic orbit on y * o has a non- 
real characteristic exponent (k < i). 

The solutions near the axis of symmetry are given by Hill*s equa¬ 
tion (see, for instance, [5]) 



where the partial derivative is computed on the periodic solution. The 
Sturm-Liouville Theorem applies and the roots of two solutions of (26) 
separate each other, so that if one of the sections of the trajectories 
considered has at least two points of intersection with PQ, the other 
will have at least one. However, the first point of intersection of both 
sections gives one end point of eM^, hence if m > 2 both end points are 
in regions of tf separated by y - 0; if m = 2 both sections must have 
one intersection with PQ and eM 1 has also an odd number of intersections 
with PQ; if m * 1 both end points are not separated by PQ and the 
number of intersections with PQ is even; if m = 0, we must use 
Korteweg^ Theorem [ 29 , p. 4 o 4 ] which states that if T) p , t] p+1 , i] p+2 
are the values of tj for t * pT, (p + 1 )T, (p + 2 )T where T is the 
period of the orbit on y = 0, we have 

(27) Tj p+2 + n p = 2 k rj p+1 , k = constant = cosh nT, 

n being called the characteristic exponent. Hence the trajectories p, q, 
when extended, will be such that at P and Q or Q and P their ordinate 
r\ is proportional to 

(28) 1, n,, a,* o,, n,d 2 , ...» c n , n,a n+1 , • •• 

(29) 1 > f) 2 , d}# ^2^2' •••> c n' ^2^n+1 * *** 

with c n * cosh nfiT 


d n - 2 cosh ftT - d n-1 - d n-2 , 
d -1 * d 1 « cosh Qjr or d n * cosh (n + 1/2 )nT . 
If the orbit on y * 0 has an odd instability, h 9 J> i*e.. 
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k * c., £ - i, then the second and third members of both series (28) and 
(29) alternate in sign, for Ti 1 d 1 and n 2 d 2 8X6 positive (m - 0) and 
so the end points of Tij are separated by x = 0 . 

If k > - 1, we can always choose n so that d 1 is positive, 
hence and tj 2 are positive. If now two consecutive terms of the 
series (28) are of opposite sign, it will be so for the corresponding 
terms of (29). The first alternation in sign must occur for corresponding 
couples in the two series and once again the end points of are 

separated by x - 0. 

• 

The exceptional case corresponds to a series for which c n and 
d n are all positive, implying k * cosh ftT > 1. In the case k = 1, 
there exists at least one periodic solution for That p is such a 
solution is impossible, for if we take the family of orbits with their in¬ 
itial points on U * 0 tending to P, the time of the first crossing 
would become infinite, as indicated by the behavior of p; in all other 
cases the solution for t\ is of the form 

t 0 (t) + j(t) 

where 0 and ¥ are periodic in t with the same period as the orbit on 
y * o. This indicates that this orbit Is unstable, and the same is true 
if k > l. In these cases the time of crossing of p or q may be made 
as large as we want as the initial becomes small. This however is ex¬ 
cluded by hypothesis. (See end of proof of Theorem 10 .) In the case 
k ■ - 1, at least one of the orbits, p or q, crosses PQ at Q or 
P and the variational equations of first order (26) is not sufficient to 
derive the behavior of cM^ near its end point. 

As a corollary we mention that the number of intersections of the 
curves cM y and cM 2 is of the same parity because every intersection 
with PQ of <M 2 and not eM 1 corresponds to a curve e 1 which has two 
points on PQ. Other topological properties of the invariant curves may be 
deduced from Section 1 ; for instance, eM^ and cM q (p, q > 0) intersect 
only at known points or at symmetric points of known points. It is then 
possible, if all e^ n , g are known for n < p, to determine a domain, some¬ 
times much smaller than £* which contains eM , since most of its inter¬ 
sections with eM Q and all of its intersections with < p) are known. 

This In turn will furnish an approximation of the new periodic 
solutions to which the knowledge of ^ leads. 

15. Continuous Variation of the Parameter a . A continuous vari¬ 
ation of the parameter a will now be considered. In this case, if U 
is a continuous function of a, the invariant curves will vary continuously. 
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this indicates that the periodic points appear and disappear in pairs [20] 
except if the point of disappearance is on the boundary of ^ (and on 
cM 0 ) ; in this case, an orbit disappears by flattening on y * 0, this 
may be given the interpretation that two symmetric orbits disappear on 

y - 0, they coincide if they are of the type 5 or €. If two points in 

£ k appear, they give only one orbit and an interpretation must be 

given to the theorem of Poincare referred to. 

At first sight one would think that in general the contact of 
and <M 0 will be of first order but just as often the contact may be 
of second order. To make this clear let us consider for instance a family 
of periodic solutions of type 8 1 , the invariant k * cosh nT ^ 1 ^ is a 
continuous function of the parameter and may take values + 1, or - 1, 
in this case orbits near 8 1 appear or disappear. This has been studied 

in [9]. The results are as follows: When k = - 1, either 

a) cM^ Is orthogonal to eM and near 8 1 exist 
orbits of type 7 1 , or 

b) eM 2 has an inflection point and near 5 1 exist 

orbits of type 6 . Inflection point in this con¬ 
text means that the order of contact is at least 
two. 


When k = 1, either 

c) there exist near 5 1 non symmetric periodic orbits 
which cross 8 ] near the points of zero velocity and 
have a double point on y = 0 , or 

d) cM 1 and eM 2 have .an Inflection point and near 6 1 
exist orbits of type 8 ] distinct from the original 
family. 

Conversely, if at a point where eM ^ crosses eM 

i) eM 1 is orthogonal to cM 0 , we have k = - 1, case 
a) and orbits 7 1 , 

ii) eM y has an Inflection point with cM Q , it will be 
so for eM g and k = + 1, case d) and orbits 5 ^ 

iii) eM 2 has an inflection point with oM Q , but not 
eM ]f we have k = - 1, case b) and orbits € 1 , 

iv) cM 2 is orthogonal to eM Q , k / + 1, there exists 
an orbit in the vicinity of 8 1 which starts 
orthogonally to y = 0, crosses 8 1 after t * T 


T Is here the half period T /2 i.e., the time between two consecutive 
crossings of y ■ 0 by 6 ., this is the natural definition as follows 
from [9T. 
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on y - o and will be again orthogonal to y « o 
after t * 2 T, this means that cosh AT » - i or 
cosh flT » 0 and that the orbit is of type c 2 . 

v) eM, 2 is tangent to <M ^ but no other preceding 
property is satisfied; k = + i, there exists 
orbits in the vicinity of 8 1 which starts with 
zero velocity crosses y * o the second time 
orthogonally; in this case after t * 3 T again 
the velocity is zero and cosh fl 3 T * l, hence 
cosh nT = - ^* and the orbits are of type & 2 # 

The points of zero velocity being on one side of 
8 1 , we may expect for values of y 1 nearby two 
orbits of type 8 g , one with the points of zero 
velocity on one side of 8 ^ and one with points 
of zero velocity on the other side. Case c) can 
not be discovered from the behavior of cM 1 and 

cAi g • 

The similar results for periodic solutions of type e 1 crossing 
y = 0 at X and Y as follows: When k = - i , 

a'), b') is orthogonal to cM either at X or 

at Y = TX and near e 1 exist orbits of 
type € 2 . 

When k = + i , either 

c’) there exists near e 1 a non symmetric orbit cross¬ 
ing e 1 at X and T, or 

d') has an Inflection point with e M Q and near 

c 1 exist orbits of the same type e 1 distinct 
from the original family. Conversely, if at a 
point where eM 2 crosses cM Q but not cM 1 

vi) <M 2 is orthogonal to <M Q , we have k = - i, 
case a) or b) and orbits € 2 , 

vii) t/K 2 has an inflection point with <M of we have 
k = + i, case d) and orbits case c') can 

not be discovered from the behavior of cM 

Another interesting property is that if for a certain value of 
a * a Q one orbit of type c 1 appears, corresponding to I on x ■ o, 

must have a contact or order at least two with x = 0 at I. Let us 
note the order of the contact at I by k 1 for 1 and k 2 for eM 2 , 
with the convention k ■ o when the curve crosses x = o at I but 

is not tangent at x * o and k * - i when does not pass through I. 
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We know that k 2 £ i, we must disprove k 2 * i. If k g would be one, 
cM 2 would cross x - o for a let us say smaller than a Q at two points 
I 1 and I 2 , these points are of period two under the transformation T. 

If I 2 ■ T(I 1 ), and a increases to a Q , I 2 and I 1 tend to I and the 
orbit at I is of type & 1 and not e 1 unless k 2 > 1 . If J 1 ■ T(I 1 ) 
and J 2 * T(Ig) when a Increases to a Q , I^ and 1 ^ tend to a point 
J iterate of I, distinct from I, this means that for a * a Q two 
orbits of type € 1 appeared and not one, this is not an ordinary situation. 

CHAPTER III. APPLICATION TO STORMER'S PROBLEM 

15 * Generalities. As application of the preceding results, we 
will choose a typical conservative problem of two degrees of freedom which 
Is of Interest in physics, namely the study of the motion of an electrical 
particle in the magnetic field of* an elementary dipole; the Lagrangian of 
the problem Is 

-> -> 

L * T + e v - A 

—► 

where T is the kinetic energy, e the charge of the particle, v Its 
velocity and A the potential vector of a magnetic dipole of moment M 
situated at the origin in the direction of the z axis; this vector in 
polar coordinates may be taken as tangent to a parallel, positive in the 
West direction and of length M cos x/r 2 ; this gives the Hamiltonian 

H ’ 'Jm [ p r + r ' 2p x + ((r^cos" 2 *.^ - Mer*’cos j 

hence the Hamiltonian and the momentum p^ are constant [27] • When p^ 

Is not positive, StSrmer has proven [21, p. 23] that no periodic solution 
exists; when p^ is positive, with as unities m, v and Me and with the 
change of variable 

Pq>i* * e x , dff - e _ 2 x p 3 dt 
the equations deduced from the new Hamiltonians are: 

(30) x * ae 2x - e~ x + e" 2 x cos 2 X = X * dU/dx 

(31) x * ^e~ 2 x cos 2 x + 1 + tan 2 x^tan x « a * du/dx 

(32) x 2 + x 2 * ae 2x - 1 - tan 2 x + 2 e~ x - e~ 2 x cos 2 x s 2 U 
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here a ■ is used, y 1 = - 7 = Pq >/ 2 are equivalent parameters. To 

every solution in the meridian plane r, x correspond an infinity of tra¬ 
jectory in the space obtained by integrating the equation for the longitude: 

( 33 ) <p * cos~ 2 \ - e~ x . 

This integration is a trivial problem and the properties of the 
trajectories in the three dimensional space are deduced easily from those 
in the meridian plane, for instance to a periodic solution of period z 
in this -plane correspond trajectories on the surface of revolution around 
the z axis having the periodic solution as directrix. If 



is commensurable with «, all corresponding trajectories are periodic in 
space, if • is incommensurable each trajectory recurs infinitely often 
to the neighborhood of an initial state on the surface of revolution and 
may be classified as almost periodic; hence the general problem is easily 
solved if the problem in the x, x plane. Is; for an example see [n]. 

Let us now consider some general properties of the equations 

( 30 , 31 ). 

16. Properties . The equations are of the type discussed in Part 
II, X playing the role of the variable y, the x axis is the axis of 
symmetry; the portion Q of the x, x plane, U > 0 , has been described 
as follows (see for instance [ 27 ] ), the boundary U = o Is made up of a 
branch asymptotic for x = - °° to X - n/ 2 cutting the x axis orthogo¬ 
nally at P with x * g and when o < a < 1/16 of two similar branches 

one asymptotic for x - - » to X = n/2 cutting X « 0 -at Q with 
g, > g, the other asymptotic for x = +* to X = it /2 cutting x « o at 
g 2 > g; g is then formed of two disconnected regions; when a > 1/16 

the two last branches become connected and do not cross X = o, g is then 
formed of one connected region. When a ■ 1/16 the boundary has a double 

point at x « log 2 , X = and a special discussion is needed. When 

a = 0 , €* reduces to a line 

( 3*0 e x = cos 2 \ 

called the thalweg, all points of this line are equilibrium points and this 
case will be excluded in the following. 

For every finite point X and a are analytic; by a change of 
variable one finds that the points at infinity % are regular with one 
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exception. The point x « - X - */2 is an essential singularity and 
has been studied by StSrmer [22, p. 145, 2353 , [23], [26, 19 ^ 1 , 1 9 ^ 9 ]> the 
proof that there exists a solution through that point has been furnished 
by Malmquist [18], but no proof of uniqueness is available although this 
seems highly probable. 

The general results on periodic solutions are as follows: every 
periodic solution is in the domain x < f - log (27^) < g 2 [25> p* 61]; 
this shows that no periodic solution extends to + « and exists in the 
region which extends to + » in the case a < 1/16. Every periodic solu¬ 
tion crosses the x axis [9], [7]. 

There is only one equilibrium point, which is the double point 
on the boundary of Q when a * 1/16. Also any trajectory asymptotic to 
the equilibrium point or a periodic solution which does not extend to in¬ 
finity crosses the x axis after a finite time. 

It has also been proven that no periodic solutions exist for a 
greater than 4 [63 because then f < g. A lot of specific results on 
periodic solutions have been obtained for the value 7 1 = 0.97 by Storaer 
[ 24 ], [26, 1950] and on a certain number of families of periodic solutions, 
the principal one [ 24 ], [13], [ 1 4 ], the oval family [ 33 , [ 4 ], and the 
horseshoe family [9] and the family on the equator [5]. It will be seen 
now how the method of Part II leads very naturally to those results. 

17. Surface of Section . The concept of surface of section, be¬ 
ing especially useful to find periodic solutions, we will not consider the 
case 7 1 <£ 0 where no such solutions exist; when 7 1 > 0 we have to dis¬ 
tinguish three cases, we will treat first the most straightforward one. 

I) 7t > l or a < 0.0625. It was proven by Graef that for these 
values of the parameter every trajectory crosses the line \ = 0 or Is 
asymptotic to this line [12, p. 30, Th. VII and convention p. 28 Th. V]. 
Furthermore if a trajectory is asymptotic to X, = 0, the time between 
successive crossings is finite [ 7 > Section 73 , hence the segment PQ de¬ 
fined in the preceding section is a line of section (see also [7, Section 
83 ) for every trajectory of the region 6 ^ of g not extending to + «. 
To G 1 corresponds a connected bounded domain ST inside the strip 
8 < x < Si with boundary 

( 35 ) x 2 - 2 U(x, 0, a) . 

Unfortunately the Theorem 11 can not be used, because & ^ is not bounded 
and because the point at infinity is an essential singularity of U. We 
have to restrict 6^, let us therefore use the coordinates of Lemaltre- 
Bossy [16], obtained as follows: we draw from the point (x, \) a 
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perpendicular to the thalweg ( 3 k), the distance to the thalweg is u, the 
latitude of the point on the perpendicular and the thalweg is y; the 
Jacobian of the transformation is positive and when \ - o we have y - 0 , 
x « u and x ■ u. Let us follow the trajectories in the space u, u, y; 
the trajectories which are extremum (y - o) for a given value of y ■ y Q 
are represented in the plane y * y 0 by points on a closed curve c Q 
approximated by Ci 6 ]: 


•2 / x -2 2 4 

u + (cos y cos v) u « a cos y 

with tan v = 2 tan y. A point in the interior of c Q corresponds to a 
trajectory having an extremum in y Q greater than y Q or passing through 
the origin. These trajectories will be represented on another plane 
y * y, < y 0 curve c { interior to c 1 because every trajectory has 
only one extremum in y between each crossing of y = 0 [7]. For 

instance when y * 0, there exists a set of closed curves c£ each one 
corresponds to trajectories having their extremum at y * y^ > 0 and 
c£ is interior to cj if y^ > jy Let us now consider 

?\ m G* -j n (|y| £ y ± ) • 

e * is a closed bounded domain in which U is analytic, if we exclude from 
& the domain inside c| and call this Zf 1 , and define Zf Q =* to 

every point P G € Zf 0 corresponds a unique solution of the differential 
equations (30) to (32) and this solution crosses again \ * 0 after a 
finite time at a corresponding point P 1 e Zf 1 hence by Theorem 10 the 
correspondence is topological. Moreover, the part of the invariant curves 
and <M 2 contained in Zf 1 is continuous. If it is true, as con¬ 
jectured by Stdimer [22, p. 145], that there is only one trajectory through 
the origin^ 1 ^ and if for this trajectory the return is by convention the 
same path backwards, this will mean that the curves c£ converge to the 
point 0 corresponding to the trajectory through the origin, when y^ tends 
to -g-. The transformation T should then be topological in Zf and the 
cM n continuous. We will suppose this to be true in the following; if the 
conjecture is disproved, the results here stated will need an interpretation. 

As no trajectory through the origin crosses the first time \ * 0 
orthogonally, does not # pass through 0 and is analytic, cM^ is made 

up of two branches corresponding to the two branches of the boundary of & ^ 
which converge towards 0. 

ii) 7 1 * l or a - 0.0625. This case is similar to the pre¬ 
ceding one except for the fact that the boundary of g and Zf has a 

^ In the following trajectory through the origin is by convention a tra¬ 
jectory through the origin in tne r, \ coordinates, i.e., a trajectory 
passing through the essential singularity at infinity in the negative 
direction of the x axis. 
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double point, this does not alter any conclusion of 1 . 

Ill) O < 7 1 < 1 or a > 0.0625* Here the situation is not as 
nice as in the preceding cases; in this case a trajectory starting from 
x * o either crosses again x « o or is unbounded, hence there does not 
exist a nice closed section of the x, x for which the transfonnation T 
transforms this section into itself. But the ideas of the second part of 
this paper may still be used because every periodic trajectory is bounded 
by the line x - f. Let us bound the domain inside of ( 35 ) by the line 
x * f and call this ; if A € &, TA is not necessarily in ff or 
may even not exist if the trajectory goes to infinity before crossing 
x - o, but if A is periodic all the iterates of A are in V ; the 
invariant lines <M n are not entirely in V but their intersections 

^ are necessarily in &, hence to find the periodic solutions it 
n,p 

is not necessary to know which part of & is transformed into itself but 
only to find the part of the iterates of cM Q and eM 1 which is inside 
5 r . This can be done in succession and we know that the Iterate of a part 
of cM p not in V will not be in V . 

We will from here on summarize the content of the Report bearing 
the same title as this paper. 

1 8 . Data on the Computations . A sufficient number of points on 

the curves C M ] and eM 2 have been determined for a sufficient number of 
values of the parameter a or The choice has been made with great 

care and was dependent on preceding computation and on extensive compu¬ 
tations done with a desk computer. The computations were done on a high¬ 
speed computer (the SEAC of the National Bureau of Standards). In the 
Report we have indicated clearly how the initial conditions were deter¬ 
mined, which method of integration was used and which method of checking 
was involved. A total of 1288 trajectories were integrated for some 

21 values of the parameter. The trajectories near y * 0 have also been 
Integrated with another method to give the boundary points of *M } and 
oM 2 . It may be interesting to note that the time for the integration of 
one step was 0.35 sec. for the high-speed computer versus 25 min. for 
the desk computer. For a precision of five to six decimal places, from 
4 o to 70 steps were necessary, in the mean. 

19. Presentation of the Results . The results have been pre¬ 
sented in the form of tables which are available on microfilm and in the 
form of diagrams, one for each value of the parameter 7^ for r 1 * c.97, a 
detailed study has been made which leads to two diagrams, one of which is 
enclosed (Figure 1). Some data about Figure 1 will now be given. 

The subspace is bounded by the curve KJP and Its symmetric. 
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The curves cM^ and eM 2 have been determined by computation; each point 
corresponds to a trajectory with special initial conditions (Section 9 ). 

and eM _ 2 have been deduced by symmetry. The two branches of 0 4 ( ] 
spiral towards a point o ] , which corresponds to a trajectory a tending 
to the singularity x * - \ = £ . The curves cM y have been deformed 

in the neighborhood of o 1 to simplify the drawing (of cM 3 ). The inter¬ 
sections of eM_ 2 , and oM 2 give periodic points labeled accord¬ 

ing to their symmetry (Section 4 ); the letter subscript distinguishes 
different periodic solutions having the same symmetry. A to H corre¬ 
spond to periodic solutions which are particularly important. 

The curve has been obtained using only topological proper¬ 
ties and its known intersections with the curves and oM 2 deduced 

from Table I. Its drawing is inexact, the curve may be more complicated 
but not less complicated than what appears in Figure 1 . Its intersections 
with the other curves and its symmetric (not drawn) give new symmetric 
periodic solutions. eM ^ has been constructed on another diagram. <M 3 
has two branches which spiral towards a point which correspond to the 

second intersection of the trajectory a with \ = o. 

20 . Interpretation of the Results . From the diagrams it is 
possible to obtain results on the appearance of and disappearance of the 
symmetric periodic solutions. In particular, the orbits of type 8 1 

and c y have been studied (points A to H ...) and the results on their 
existence and stability, which had been obtained by special methods [3], 

[ 4 ], [i 4 ], [17] are deduced easily. New results include the study of the 
disappearance of orbits by passage to a limit position on \ « 0 related 
to [5], the proof of existence of many new periodic solutions which could 
hardly be obtained by the classical methods. 

Analytic computations of the curves cM y and eM 2 which corre¬ 
spond to orbits close to the singular trajectory a have been made using 
results of Lemaitre and Bossy [16] and the analytic computations of the 
same curves when is large have also been done. 

In one word the above method permits the unification of all the 
known results on StSrmer's problem; at the same time it provides new re¬ 
sults and new insight on the difficulties which one should expect for 
similar problems. 

21. Remarks on the Classification . Before I conclude, I should 
like to make some remarks on the classification here given as applied to 
conservative problems. The reader will have no difficulty extending these 
remarks to any system of differential equations for which this classifica¬ 
tion can be used. 
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When a continuous variation of the parameter "a" was Investi¬ 
gated, we saw that an orbit kept its classification except when the orbit 
disappeared; hence for a continuous variation of "a”, the number of 
double points of the orbit on y ** o remains the same. This is a special 
case of a more general theorem of Birkhoff [i, II, p. 60]. 

Prom this theorem we see that we can refine the classification 
by considering the double points of the orbit outside y - 0. It would be 
of interest to consider in more detail this subclassification which has, 
no doubt, a certain importance. 

22. Conclusion . In the Introduction we have indicated the alms 
of this paper. We should like as conclusion, to bring out the relation of 
these investigations with connected research. 

First of all, nothing has been gained here on problems such as 
transitivity or stability of systems of differential equations, but re¬ 
sults are obtained which are much more detailed than those given by the 
general fixed point theorems, because not only is the existence of more 
than one or two periodic solutions proven, but the relations of the differ¬ 
ent periodic solutions with each other is obtained, I.e., the structure of 
the periodic solution is established. 

There is a possibility that these investigations could lead to 
the proof, under certain, hypotheses, of the density of the periodic solu¬ 
tions; in that case, every solution can be approximated during a 
finite time by a periodic solution. 

The method here used has no essential limitations and enables 
dealing with problems with large non linearities as opposed to the per¬ 
turbation methods which deal with small non linearities, but which gen¬ 
erally fails otherwise (see, for instance, the application of perturbations 
method to Stdrmer's problem by G. Lemaitre [15] )• 

It is proper to mention that some methods (Van der Pol method 
and others) may succeed in special cases even with large non linearities. 

Finally, we should like to mention that the results here obtain¬ 
ed are not only of Interest in themselves but because of their application 
to the region problems. f * 

In these problems one considers two domains Rj, R 2 in the phase 
space and asks, for instance, the proportion of trajectories with initial 
conditions in R 1 that enter R g . Solution to these problems depends on 
the knowledge of unstable periodic trajectories and trajectories asymptotic 
to these. Examples of this application are given for the cosmic rays' 
problem by Lemaitre, Vallarta, Bouckaert, Albagli Hunter, Yong-Li, and 
DeVogelaere (see references of [27]) and for a problem of chemical physics 
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(on transitions rates) by Bond art and DeVogelaere [10]. 
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V. ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF CANONICAL 
SYSTEMS NEAR A CLOSED, UNSTABLE ORBIT 1 

D. L. Slotnick* 

§ 1. INTRODUCTION 

We investigate in this paper the behavior of the solutions of a 
certain class of Hamiltonian systems with one degree of freedom, i.e., 
systems of the form 


* - V * = - 

where the Hamiltonian H(x, y, t) is a real analytic function of x and 
y, periodic in t, and vanishing at the origin x * y «* o. In the neigh¬ 
borhood of a closed orbit, autonomous Hamiltonian systems with two degrees 
of freedom can be reduced to this form, where the periodic orbit now corre¬ 
sponds to the zero solution. The historical interest in these systems 
rests largely on this ground. 

We will deal with a class of these equations which have the 
feature of being unstable despite the stability of the linearized systems. 
For systems of this class we will establish the existence of an interesting 
family of unstable solutions and examine the analytic behavior of the sur¬ 
face on which these solutions escape from the origin. This behavior is 
marked by a rather unexpected phenomenon; namely while it would appear that 
this family should be analytic in some neighborhood of the origin it turns 
out to have an essential singularity at the origin. This has the immediate 
consequence of making power series methods inapplicable for obtaining these 
solutions• 

In order to discuss the results in greater detail we give the 

^ This paper was submitted in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy at New York University. 

* This work was supported by the Office of Naval Research under contract 
No. N onr-285(06). 
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explicit form of the Hamiltonians under consideration: 


H(x, y, t) = ^ (x 2 + y 2 ) + H 3 (x, y, t) + H 4 (x, y, t) + ... 


is a convergent power series in some neighborhood of the origin. The terms 
H a (x, y, t), a * 3, 4 , 5 > . • •, are homogeneous polynomials of degree a 
in x and y whose coefficients are continuous functions of t with 
period 2* • co is a positive constant. 

The question of stability for these systems is still unsolved. 
Certainly the linear terms are stable but the answer for the full system is 
locked in the higher order terms. We denote by s the index for which 
H s (x, y, t) t 0 but H a (x, y, t) = o for a < s. Then we can write 

H(x, y, t) = - ^ (x 2 + y 2 ) + H s (x, y, t) + H 3+1 (x, y, t) + ... 


An example of the dependency of the stability question on the higher order 
terms is furnished in [3]* where it is proved that under certain conditions 
on <0 and on H 3 — related to its definiteness — a strong growth con¬ 
dition holds for the solutions near the origin. Solutions satisfying this 
growth condition are called, by the author, almost-stable . Since we want 
to deal with unstable systems we have made a corresponding assumption of 
indefiniteness from which instability easily follows. This assumption is 
formulated in Section 3 after the Hamiltonian is brought into a simple 
normal form. In Sections 2 and 3 this normal form is obtained by exploit¬ 
ing the elegant algebraic properties of Hamiltonian systems. In particu¬ 
lar the invariance of their form under canonical transformations. This 
allows one to concentrate completely on simplifying the Hamiltonian which, 
of course, then characterizes the corresponding system of differential 
equations. 

In Section 4 we introduce, following Poincare, the analytic 
mapping corresponding to the differential equations. This mapping assigns 
to a point (x Q , y Q ) the new point x 1 * x(2n), y 1 = y(2«) where x(t), 
y(t) is the solution of the system with initial values x Q , y Q . Under 
the indefiniteness assumptions mentioned above we prove that this mapping 
has the form 


(1.1) 


X, - 3(x 0 )x 0 + X(x 0 , y 0 ) 
y, ■ t(x 0 )y 0 + Y(x 0 , y 0 ) 


T Numbers In the square brackets [ ] refer to the bibliography at the 
end. 
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where s(x Q ) > 1 > t(x Q ) for x Q positive and s(o) ** t(o) - i • X and 
Y denote terms which in a suitable region are small compared with the 
leading terms. 

This mapping is analogous in appearance with 


( 1 . 2 ) 


U 1 » SU + ... 

V 1 * tv + ... , 


where s and t are constants which obey s > i > t and the dots denote 
convergent power series In u, v which start with quadratic terms. 

For the mapping (1.2) Poincare proved, by power series methods, 
the existence of an analytic curve which is invariant under the mapping 
[ 4 ]. Such a curve corresponds to a one-parameter family of solutions of 
the differential equations which move asymptotically away from the origin. 
Hadamard, assuming just the estimate o(u 2 + v 2 ) and continuity for the 
higher order terms in (1.2) proved in [2], with a geometric argument, the 
existence of a continuous invariant curve. Recently, Sternberg [ 6 ] proved 
that the invariant curve for (1.2) Is just as regular as the higher terms. 

Birkhoff [ 1 ] treated the mapping (1.1) for the case s = 3 and for this 

case, which is included in our result, proved the same result obtained 
here, by methods which are, however, completely different from those we 
employ and which are perhaps more complicated. 

We prove in Section 5 that the mapping (1 • 1 ) possesses an in¬ 
variant curve which is analytic for x Q > 0 and is infinitely differ¬ 
entiable at x Q = 0 . We conclude by giving, in Section 6 , an example 

adapted from [ 1 ] of such a cruve which has an essential singularity at 

x Q « 0. 

The author would like to thank his thesis adviser, Professor 
Jurgen Moser, for proposing the problem and for his generous help and en¬ 
couragement throughout the time this paper was in preparation. Our thanks 
are due also to Professor K. 0 . Friedrichs for his kind cooperation. 


§ 2 . NORMALIZATION OF A HAMILTONIAN WITH A 
DEFINITE QUADRATIC TERM 

This section and the next are devoted to showing that the period¬ 
ic, analytic Hamiltonians we consider can be canonically transformed to an 
advantageous normal form. In this section we deal with those simplifica¬ 
tions of the Hamiltonian that are a consequence of the assumed form of the 
quadratic term. In the next section we restrict our consideration to those 
Hamiltonians which are the subject of this paper by imposing conditions on 
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the next highest tern and performing the further simplifications made 
possible by these additional assumptions. The reduction made in this sec¬ 
tion is specialized from one employed in [3]• 

We assume the Hamiltonian to be a real power-series, convergent 
in some neighborhood of x = y = o, viz.: 

(2.1) H(x, y, t) - ^ (x 2 + y 2 ) + H a (x, y, t) + H a+ ,(x, y, t) + ... 

where the subscript a in H (x, y, t), here and throughout, denotes the 
degree of a homogeneous polynomial in x and y whose coefficients are 
continuous functions of t for all t and have period 2 «. <d is a posi¬ 
tive constant. 

By introducing appropriate new variables £, n, we will show 
that as many terms of H(x, y, t) as we desire, say H g , H g+1 , ..., H g+n , 
can be transformed into a simple normal form. We want the system that re¬ 
sults from this transformation to be again canonical and periodic in t, 
moreover since the quadratic term of H(x, y, t) is already in a con¬ 
venient form we will want the transformation to leave it unaltered. These 
ends can be accomplished by defining the transformation with a generating 
function of the form 

( 2 . 2 ) u(x, T], t) = XT] + U s (x, n, t) + u g+1 (x, Ti, t) + ... + u g+n (x, n, t) 
whereby the equations of the transformation are 

i = u^x, 1, t) - x + u an f u a+1r| + ... + u s+n n 
y = «*<*, 1, t) - n ♦ u ax + u g+lx + ... + u g+n x 
and the Hamiltonian of the new system is readily seen to have the form 

(2.3) n(s, i\, t) - (i 2 + n 2 ) + t) + n s+ 1 U, n> t) + ... . 

The coefficients of each u 0 (x, n, t), a = s, s+i, ..., s+n, will be de¬ 
termined so as to have period 2n, thus insuring that ft(g, n, t) also 
has this property, and so as to make n g , fl g+1 , ..., ft g+n &s simple as 
possible. 

We carry this out first for n * 0, i.e., for the term H g (x, y, t). 

The Hamiltonian o(g, n* t) is, as is well known, related to H(x, y, t) 
by 


fl(u , n, t) * u t + H(x, u x , t) 



INSTABILITY" IN CANONICAL SYSTEMS 


89 


which gives 


^ U T] + T l 2 ^ + n a^ U Tl' ^ + *'* 

* “ "2 & "*■ ) + Hg(x, t) + ••• • 

Comparing the terms of degree s in this last equation gives 

(2.4) u at + <o(xu S)i - n u ax ) - n 3 (x, n, t) - - h 3 (x, ru t) J 

a partial differential equation for u g (x, r\, t). It is convenient in dis¬ 
cussing this equation to introduce the complex conjugate Variables 

i - & + iri, l = I - ill • 

The system in the variables £, £ Is canonical and its Hamiltonian 
if t) = - 2 in ^ ^ , ~^ 2 l ' ^ f 

* + ® g (£, l, t) + ® s+1 (5, l, t) + ... 


If we denote 


u s (Hr 1 ’ Hi -1 ' 0 

by v g (£, l, t) and replace x by i in (2.4) then (2.4) becomes 

v st + - S v 3 £> - k ®a ( ?’ “ J 3 (C« l> t) 

where J g ((;,{;, t) Is the known function 

• H s (H- 1 ’ Hr 1 ’ 0 

Further, denoting the term in t*X A , k + / = s, in v g , J s by 
VkffbK^I^ ^(t) respectively then we see upon comparing 

the coefficients of in the last equation that 

\i + ^ (k - f)v ki -1 ®ki ■ J ki or 


v k/ } 


i l»(k-/)t 
? e ®ki 


) t j 


k / 


(2.5) 


d / lo>(k-,)t, 
3E '® 
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We would like to determine the v ki (t) so as to have period 2« 
and so as to make as many of the * k ^ as possible zero. We claim this 
can be done for each k, i for which (k - l )co is not an integer. Thus 
if a) were irrational, for example, this could be done for all indices 
k ^ i. This can be proved as follows: set *kj ■ °> then ( 2 . 5 ) becomes 

d ( ico(k-*)t 'N _ ico(k-£ )t T 

V® V W ‘ e J ke 

and integrating from 0 to 2 « gives 

e 2*ix»(k-.e) v ^ (2n) . v ki (o) = f e lm(k_ ^ )t J ki (t)dt . 

o 

Thus since v ki (t) has period a* if and only if v ki (o) = v k ^(2n) we 
must choose 

v ki (0) = . 1) f* e 1<B(k - £)t J ki (t)dt 

o 

which can be done since the quantity in parentheses Is not zero if a>(k - i) 

is not an integer. This proves that we can take « ki = 0 if a>(k - £) is 

not an integer. Observe that $ ki (t) has period 2n. 

We now treat the remaining case: <o(k - i) an integer, which 

can occur only when k = i or when a> is rational. We assert that in 

this case we can take 

(2.6) = <P ki e' Mk_i , 

where q> ki is a constant. 

Substituting ( 2 . 6 ) into ( 2 . 5 ) and integrating from 0 to 2 * 

gives 

2n 

V k/ 2 *> ' V k/° J - = / el/0(k_/)t J k/ (t)dt . 

o 

Thus v kjg (o) will equal v ki (2«) independently of the value of v ki (o) 
if we choose 

*k i-£ f . 

O 
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The function v_(£, ?, t) has thus been determined to have 

O 1 r 6 

period 2* in t and so that the terms ®y(t)5 5 of * 3 are differ¬ 
ent from zero only for those k, & for which (k - i)o> is an integer 
and in this case we have ® k/ (t) given by (2.6). Now, if we choose 
v ik (°) * v ki (o) ^ the case (k - i)m an integer it easily follows that 
v ki (t) * v k£^ for a11 ^ and for a11 *> 80 v g (£, £> t) * 

u g (|, r\, t) is real and since q> ik = - ? k£ > l> t) * - 2ift is purely 

imaginary. 

In the same way as u g was chosen so that H g was brought into 
the normal form given above we can now determine a function u s+1 (x, *1* t) 
such that the generating function 

u(x, T), t) = XI) + U g + U 3+1 

serves to carry H g and H g+1 simultaneously into the normal form. This 
is so since the equation for u g+1 will just be ( 2 .U) with s replaced 
by s + 1 on the left side and with the right side now depending on the 
known quantities H g , H g+1 , n g , and u g . We can continue this process 
inductively arriving at a generating function 

u = xt, + u g + u g+1 + ... + u g+n 

which simultaneously transforms H g , H g+1 , •••> H 3+n into the normal form. 

To summarize so far, the Hamiltonian (2.1) can without loss of 
generality be taken in the form 

s+n » 

*(£, l, t) = ixi>5? + £ *„(£, l, t) + £ * T (S, 5, t) 

CT=S T = s+n+1 


with 


_ / „ 7 .x V ( ^ia)(k-i )t,,kri -a —l(l>(k—4 )tfciyk\ 

t) = ^ (^q> ki| e M C - c 5 ) > 

for a = s, s+1, ..., s+n, 

where the index set I a is composed of those k, l for which k + l ■ a 
and (k - i )a> is an integer. 

We can now proceed to the final purpose of this section, namely 
to show that with a further canonical transformation, which is analytic 
and origin-preserving but not of period 2 it, $(£, £, t) can be transform¬ 
ed into a Hamiltonian which is time-independent through order s + n. We 
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define new variables z, z by 


z * z * £e' 

— 1 mt 

This canonical transformation is given by the generating function £ze” 
The Hamiltonian of the transformed system is 


icot 


(2.7) 


A(z, z, t) = #(ze la>t , ze -ia5t , t) - la>U 

85 a <j( z > + Zj Z ' ^ ' 

o*s T=s+n+i 


where the terms 


A a (z, 5) - £ - $ k/ 5k ) ’ 


o ° s , s+ 1 , •••, s+n , 


do not depend on t explicitly. This is the desired normal form. 

We would of course like to go to the limit n —-> « and thus 
obtain a time-independent Hamiltonian, which would be an integral of the 
system of equations, but the power series xi\ + u g + u g+1 + ... thus ob¬ 
tained is in general divergent as will be seen. It will suffice however 
for our purposes to know that this normalization can be carried out to any 
finite order. 

In concluding this section we remark that this normalization 
shows that for the new Hamiltonian A the lowest order term is not i^Cl 
any more but A g and the nature of the motion therefore will be deter¬ 
mined by A g : irn^f being eliminated. 

§ 3 . FURTHER NORMALIZATION FOR THE CASE H g INDEFINITE 

We take the Hamiltonian in the form ( 2 . 7 ) and examine the special 

case a * A_(z, z). In this case A_(z, z) being a time-independent 
s s 

Hamiltonian is an integral of the system. If furthermore A g is a defi¬ 
nite form then by a well known theorem of Dirichlet the stability of the 
zero solution follows. Now since we will concern ourselves in this paper 
with a class of unstable systems we may assume that A g (z, z) is indefinite. 

In order to formulate this more precisely we introduce polar co¬ 
ordinates p, $ into A g by z * pe 1 ^. Since we will, for the moment, 
work only with the term A g of a we omit the superscript s on the co¬ 
efficients <p^ of A g . Now, letting 
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*kt ' l<p ki |elTk/ ' 
an easy calculation shows that 

A g * 2ip s ^ |<P k/ | sin [\k - + x ki j « 2ip s a g ($) , 

I s 

where we have denoted the sum multiplying 2ip 3 by <j g (o). Now if o g (*&) 
has a real zero it will ensure the indefiniteness of A g (z, z). 

The requirement that A g be indefinite is easily seen to be ful¬ 
filled by the following conditions on s and m: m equals a rational 

number £ , in lowest terms, and both s and q are odd with s > q. 

For in this case (k - £ )a> can be an integer if and only if k - l is an 
odd multiple of q. Thus <r g (tf) contains no constant term and hence has 
average value zero on o to 2*, which Implies the existence of a real 
zero. Notice that for s even there is a term 

s 

<p 3 a (zz)* 

? ■? 

in A s giving rise to a constant term <p g 3 in a g (O) which thus need 
not have a real zero. 2 2 

We henceforth assume that the Hamiltonian H(x, y, t) 
has the property that a g (-C) has a real zero and 

moreover that £ 0 is a simple zero. 

In this section we will show what further simplifications of A 
can be made on the basis of this last assumption. Note that we can assume 
without loss of generality that the coordinates have been rotated so that 
0 o - 0 . 

It Is convenient to reintroduce real variables to (2.7) by 
z * u + iv, z = u - Iv . 


The Hamiltonian of the transformed system 


3+11 ” 

Q(U, V, t) - Y, V) + Yj V ' 
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where, in particular, 

a„ = ■ y 1“ i and b 0 “ - £ < k " 1 > Re Kl * 

X a 

Now since we have assumed that o is a simple zero of a g (tf) it is clear 
that Qg(u, v) must contain v as a simple factor, i.e., that a g = o 
while b g 4 0. The role of b g is particularly important and for 
simplicity we will henceforth denote it by b. 

We have thus shown that as a consequence of our last assumption 
Qg(u, v) must have v as a factor, i.e., that a g * °. In fact, we now 
prove that in appropriate new variables U, V, we can make V a factor 
of as many terms of the Hamiltonian as is desired. To this end we will 
determine a polynomial 

p n+i (u) = p 2 u2 + p 3 u3 + ••• + P n+1 u n+1 
with constant coefficients such that the canonical transformation 

U = u, V = v + P n+1 (u) 

of Q(u, v t) yields a new Hamiltonian whose terms of degree s + k + 1 
(k * o, i, ..., n-i) contain V as a factor, I.e., the value correspond¬ 
ing to a g+lc+1 (k ■ 0, 1, ..n-1) in the new Hamiltonian is zero. 

PROOF. The transformed Hamiltonian is 

Q [u, V - P n+1 (U)] - Q g [ U, V - P n+ ,(U)] + ... 

+ Vk+1 [ U > V - P n + lH + * 

One eftelly sees that the coefficient of U s+k+1 is 

bp k+2 + a s+k+i + g s+k 

where g g+k depends only on p 2 , p^, ..., p k+1 and the coefficients of 
Q 3 , Qg +1 , • ••> Q s+k - Thus if we consider p 2 , p 3 , ..., P k+1 as known by 
induction, we can choose 

a s+k+i + g s+k 
p k+2 55 -6- 


since b 4 o, which concludes the proof. 
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To summarize, we have shown that in appropriate coordinates a 
Hamiltonian whose quadratic term is definite and whose next highest term is 
indefinite in the fashion described above can be written in the form 

s+n » 

( 3 . 2 ) Q(u, v, t) = £ Q 0 (u, v) + ^ Q t (u, V| 9 

0=3 x=s+n+i 

where Q a (u, v) * ’b a u a ~‘ [ v + ... + e a v°; a = 3 , s+i, ..., s+n, and in par¬ 
ticular, b g * b ^ 0 . 

Here again as in the previous section we would like to go to the 
limit n —> * as then we would have v as a factor of Q. This would 
mean that if u(t) were a solution of u ■ (^(u, 0 , t) then u * u(t), 
v = 0 would be a family of unstable solutions of the system derived from 
Q. This family would be of the type whose existence we seek to establish, 
with the curve v « 0 being the curve in question. However, we cannot 
let n —-> 00 as the series p g u 2 + p 3 u 3 + ... thus obtained will in gen¬ 
eral diverge as will be seen from the counter-example of Section 6 . 

§4. EXISTENCE OF A CURVE INVARIANT UNDER 
THE ASSOCIATED MAPPING 

In this section and the next we will utilize the normal form (3*2) 
to establish the behavior of the solutions of the differential equations 
arising from ( 3 * 2 ) in the vicinity of the solution u - v * 0 . In this 
section we will actually need only the fact that Qg and Qg +1 can be 
normalized as in ( 3 * 2 ). For the next section however we will need the 
full normalization to arbitrary order n. 

k 9 

We define the weight of the term u v as k + 24 . The result 
of the last section then yields that 

(4.1 ) Q(u, v, t) * bu 3 "^ + terms of weight exceeding s + 1 , b 4 0 • 

This is so because a 3 * a 3+1 = 0 . It is precisely this consequence of the 
form ( 3 * 2 ) of Q that is important for this section in that if we confine 
u and v to the region R given by 

(4.2) 0 < u < p, |v| < u 2 

where Q(u, v, t) converges for |u|, |v| < p, then the fact that bu^v 
is the term of lowest weight in Q actually makes it the principal term of 
Q in R. This in turn will yield a desirable form for the principal terms 
of the mapping we will associate with the system. We now proceed to formulate 
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this explicitly. 

The system arising from the Hamiltonian (4. i) has the form 

u * Qy - bu 3 " 1 + terms of weight exceeding s - 1 
$ = - Qq* - b(s - 1 )u 3 " 2 v + terms of weight exceeding s . 


If we next denote the initial values of a solution u(t), v(t) of the 
above system by u Q , v Q , it is a well known theorem, due to Cauchy, that 
the analyticity of the system implies that for some sufficiently small 
p 1 > 0, u and v are analytic functions of u Q , v Q for |u Q |, |v Q | < p 1 

and o < t < 2 jc. Thus if we represent u and v as power series in 

u 0 , v Q with time-dependent coefficients, then substitution into the equa¬ 
tion and comparison of coefficients, denoting u(u Q , v Q , 2k), v(u q , v q , 2k) 

by u 1 = f(u Q , v Q ), v 1 = g(u Q , v Q ), and setting t = 2n gives 


(4.3) 


u 1 ■ f(u, v) = u(l + bu 3 " 1 ) + F(u, v) 

v 1 = g(u, v) = v(l - b(s - 1 )u 3 " 2 ) + G(u, v) 


where we have for simplicity denoted u Q , v Q , 2«b by u, v, b and where 
the power series F(u, v), G(u, v) begin with terms of weight exceeding 
s - is s respectively. 

If we denote 1 + bu 3 " 1 , 1 - b(s - 1)u 3 " 2 by s(u), t(u) 
respectively and make the assumption that b > o, which we will later re¬ 
move, then (4.3) has a form analogous to the mapping (studied by Poincare): 


(4.4) u 1 ■ su + ..., v 1 = tv + ... 

where s and t are constants obeying s > i > t and the dots denote 
quadratic and higher terms in u and v. The essential difference between 
( 4 . 3 ) and (4.4) is that in (4.3) s(u) and t(u) while obeying 
s(u) > 1 > t(u) for u > 0 however become equal to one for u = 0 . This 
produces a striking difference in the properties of the two mappings name¬ 
ly that while it is proved in [4] that if (4.4) is analytic then it possesses 
an invariant curve passing through u = v = 0 which is itself analytic for 
u > 0 , the invariant curve we shall prove exists for the analytic mapping 
given by (4.3) will in general have a singularity at the origin. 

The analogy between (4.3) and (4.4) does hold insofar as in the 
region H the terms s(u)u, t(u)v are the dominating terms in u } , v 1 
despite the fact that F and G will in general contain terms of the 
same degree as s(u)u and t(u)v respectively. This is precisely ex¬ 
pressed in the following estimates: obtained in the usual way. 
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If (u, v) is In R with 


u < 


P 1 

T 


< 


1 


then for a suitable constant M 

(4.5) |F(u, v)| < Mu 3 , |G(u, v)| < Mu 3+ ' . 

In addition, we list here for later use the following estimates: 

(4.6) |F u l<Mu a -\ |F V | < Mu 3-2 , |Gj < Mu 3 , |G y | < Mu 3-1 , 

where M is taken large enough. 

We now assert that 

THEOREM 1. There exists a unique function v » <p(u) 
lying in R with cp(o) = o, invariant under the 
mapping (4.3 ). 

Note that the Image <p 1 (u) of a function <p Q (u) under the 
mapping (4.3) Is determined by the functional equation 

(4.7) g(u, <p 0 (u)) = <p, [f(u, » Q (u))] • 

LEMMA. 1. If |<P 0 (u)| < u 2 , and <p,(u) Is the Image of <P 0 (u) 
under ( 4 . 3 ) then for 

0 < u < Min [& , Hrdrr] ' K (u)l S u2 ' 
i.e., the image of a function in R is also in R. 

PROOF. From (4.7), 

| cp 1 (u,)| - 1^1 - b(s - I)u s “ 2 )p 0 (u) + Gr(u, <P 0 )| 

< ^1 - b(s - 1 )u s “ 2 )u 2 + Mu 3 ” 1 


thus since 


0 < u < FIs^TT 




b(s-i) 
H- 


we have 


2 
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Now, u 1 - u + bu 3 ” 1 + P(u, cp 0 ) > u + bu 3 ” 1 - Mu 3 , hence we have u 1 > u, 
thus since u < p 1 < 1, we obtain 

Icp 1 (u, )l < u 2 < u 2 . 

LEMMA 2. Let <p Q (u) be as in Lemma i. In addition 
assume q> Q (u) is differentiable with | 9 q(u)| < a, 
where a is a positive constant with a < b(s - i)/2M. 

Then cp^u), which is also differentiable, also obeys 
|cp* (ia)| <a for u < MinCa/s-i, i/b(s - l)], where 


PROOF. Differentiating (4.7) gives 

6 u + <Pi(u)g v = cp> (u, ) [f u + <p£(u)f y ] 

hence 

' Su + 


l<P,'(u, )| = 

We estimate the denominator of this expression: 


f u + *0 (u)f v 


f u + cp o^ u ^ f v = 1 + b( 3 - 1 ) uS_a + p u + ?i(u)F v 

> 1 + b(a - 1)u 3-2 - Mu 3-1 - aMu 3-2 
= 1 + u s_2 [(b(s - 1) - aM) - Mu] 

> 1 + u 3-2 _ Mu) > 1 + u 3 ’ 2 ( b ^ 3 ---- - Mot) > 1 . 

The numerator in the expression for |cp] (u 1 )|, 

ISu + *o (u) 8vl 

- |- b(s - 1 )(s - 2)u s ” 3 cp o (u) + G u + cp^(u)[ 1 - b(s - i )u 3 " 2 + G y ] | 

< b(s - i )(s - 2)u 3-1 + Mu s + a[i - b(s - i)u 3 ” 2 + Mu 3 ” 1 ] 

= a - u s “ 2 (ab(s - 1 ) - [b(s - 1 )(s - 2) + M(a + u)]u) 

< a - u 3 ” 2 {ab(s - 1) - [b(s - 1 )(s - 2) + 2aM]u) 

< a - u 3 ” 2 b(s - 1 ){a - [(s - 2) + i]u) 

* a - u 3 ” 2 b(s - 1 ){a - (s - 1)u) < a 
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Combining the estimates for numerator and denominator we have |q>{ (u 1 )| < a. 


LEMMA 3« Let (u 1 , v 1 ) be a point in R whose pre¬ 
image under ( 4 . 3 ) is (u, v). Here, (u, v) is to 
be thought of as a point on a curve In R and (u 1 , v 1 ) 
as a point on the image curve. Then for sufficiently 
small positive u 


,s-2 


+ 4b (s - 2 ) 


PROOF. 

u 1 < u(l + bu 3 ” 2 ) + Mu 3 " 2 

= uti + u 3 ” 2 (b + Mu)], which for u < ^ is 
< u(i + 2bu 3 " 2 ) . 

Thus u 3 " 2 < u 3 " 2 (i + 2b(s - 2)u 3 ” 2 + ...) which for 


0 < u 


s-2 


< 


1 

4b(s-2 ) 


Is 


Whence 


< u 


S-2 


_ 1 _ 

1 - 4b(s-2 )u 3 ” 2 


-jks i ^ks 0 - 4b(s - 2)uS ‘ 2 ) ■ ^2 - 4b(s - 2) • 

We can now proceed to the proof of Theorem 1 . The idea of this 
proof is adapted from [ 2 ] but i 3 essentially modified. 

PROOF OF THEOREM 1 . Let 9 (u), $ 0 (u) be curves which have the 
properties being in R and obeying \v' Q \, < a, then their iterates 

under (4.3) 9 ^ 9,; <P 2 , 9 2 ; •••,; 9 n # $ n will, by Lemmas 1 and 2 also 

have these properties. We will prove that for sufficiently small u 

lim |q> n (u) - 9 n (u)| = 0 
n—> 00 A 


from which Theorem 1 will easily follow. 
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We begin by proving that 

l <p n+i^ u i^ ' *n+i* u i^ - ”^ lf n ( u ) - ? n («)l 

where 

ff(u) = 1 - k^ - 3 ]" 1 ) u s “ 2 and a(u) > o for u < Vb(s-i ) . 

PROOF OF 4.8. 

I^n+l < u l > " *n + l ( VI * I’n+lK* - V/ 5 ^! + l^n+^V ‘ *n + l (u l>1 
where u 1 = f(u, q> n (u)) and u 1 = f(u, $ n (u)); this last quantity is 

< lg(u, <P n (u)) - g(u, 5 n (u))| + |$^ +1 | |f(u, o n (u)) - f(u, <P n (u))| 

< -[igyl + Cl I r v | j- |<p n (u) - $ n (u)| 

- - b(s - 1)u 3-2 + |G y | + a|P v lj- |<P n (u) - <p n <u) | 

< ^1 - b(s - 1 )u 3-2 + Mu 3-1 + aMu 3-2 J |<P n (u) - $ n (u)| 

* - u 3-2 (b(s - 1) - aM) + Mu s-1 j 

< [l - u 3-2 ( Sl^ll _ Mu)j |<P n (u) - $ n (u)| 
which for 


is 

< (> - ^3-U u 3-2 ) |<P n (u) -9 n (u)| = o(u) |<P n (u) - $ n (u)| , 

where 

a(u) = , - %ll u 3 - 2 . 

Now, if we denote by (u_ 1 , q> n-1 (u_ 1 )) the pre-image of the point 
(u, <p n (u)) and in general denote the pre-image of (u -k , q> n _ k (u_ k )) by 
(u_ k _l, <p n-k _) ( u -k-1 )) we can continue (^* 8 ) as follows: 


In the brackets ( } v must be replaced by a mean value between cp n (u) 
and $ n (u) before applying (4.6). 
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l*n+l (u l ) - ? nt1 (u 1>l S or(u)<r(u_,) 

< crCu)a(u -1 )a(u_ 2 ) ... a(u -n ) l^o^-n^ “ *o^ u -n^ • 

Now, since <p n was obtained as the nth iterate of a curve cp(u) in R 
know that (u_ n , 9 0 (u_ n )) lles ^ R * thus we knov that 

l*o (u -n ) ' V u -n } l < S P? - “ • 

Substituting this into the last inequality above gives 

(4.9) I'Pn+l^l^ “^n+i^ u i^ ^ ff(u)a(u -1 )<j(u_ 2 ) ... a(u_ n )»i . 

To .conclude (4.8) from (4.9) we prove that the product on the 
right in (4.9) approaches zero as n approaches infinity. 

If the 

u -k 2 < where c = UbCsU ) ' 

we see upon repeated application of Lemma 3 that 


1 < - Q -~ < - J — + for k = 1, 2, 


9-2 - s-2 c - u s-2 c 

-k -k+i 


Thus 




n 3 “ 2 - _ = c r_j_ + kl > —£- 

1 + u 3 ' 2 ^-* 1 *- u s “ 2 c -1 J K + 


where k is, for instance, the first positive integer greater than 

c 


u 


S-2 


Using this last obtained inequality gives 

p(u. k ) s (’ ■ f~r4 T5 - TTTc) S (’"TS-TTIc) 

Thus from (4.9) we have 

l*n+l (u l ) - *n+l (u i ) l 

s (’ - 0 - Tffn+rj) 0 • tstWt) • • • O' isu+nj) h 


we 
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Recalling the formula 


1 n . i-z 

TTzT ' m m 

m —> * 


nO-HJ) 


n=i 


we see that the last quantity above approaches zero like 


constant 

J7T5 


which proves (4.8). 

If now in the above we consider q> Q to be the image of q> 0 and, 
generally, denote the image of cp n-1 by cp n then (4.8) implies that for 
each sufficiently small u > o, {cp n (u)} Is a Cauchy sequence, say 

q> n (u) --> cp(u). Then <p(u) is unique. It Is to show this uniqueness 

that we considered the iterates of two curves; to show simply existence, 
the iterates of a single curve were In fact used. q>(u) Is the single¬ 
valued invariant function we seek. That the values of cp(u) form a curve 
will be proved In the next section where, of course, we shall prove more 
than this. 

In concluding this section we remark that if in Lemma 3 we choose 
(u, v) to be on the invariant curve then so will (u ] , v 1 ) and the in¬ 
equality demonstrates that the solutions of the differential equations 
which have initial values on the invariant curve are not semi-stable in the 
sense of [ 3 ] since the u_ n approach the origin as rapidly as 

- l 


§ 5 . PROPERTIES OF THE INVARIANT CURVE 

In this section we establish the following theorem concerning the 
invariant function cp(u) whose existence and uniqueness were proved in the 
last section. 

THEOREM 2. The function cp(u) is 

(a) analytic for sufficiently small u > 0 , and 

(b) infinitely differentiable at u * 0 . 

In Section 6 we will show by a counter-example, which is a modi¬ 
fication of one used by Birkhoff in Cl], that cp(u) need not be analytic 
at u • 0 so that Theorem 2 is a best possible result. 
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PROOF OF (a). We assume Q(u, v, t) to be In the form (4.1), 
i.e., normalized through order s + i and in (4.3) we consider the vari¬ 
ables u, v, Uj, v 1 to be complex. We will show that we can determine a 
region in the u-plane and a sequence of analytic functions (q> n (u)) con¬ 
vergent in this region, and whose limit function is cp(u) when u is 
real, which satisfy the hypotheses of Vitali’s Theorem. 

To this end let S be a circular sector in the u-plane, symmetric 
with respect to the positive real u-axis, whose angle -d Q and radius 
p 1 < 1 we will appropriately determine. Let v = 9 0 (u) be an analytic 

function which obeys |<P 0 (u)| < |u| 2 for u in S and is real for real 

values of u. The image of S under <p Q will then lie within the circle 
C: |v| < Now, consider f(u, qp Q (u)), g(u, <p Q (u)). As u ranges over 

S these will sweep out regions in the u 1 and v 1 planes; denote these 
regions by C 1 respectively. We assert that by properly choosing i> 0 

and p 1 we can achieve 

(5.1 ) S 1 ) S and C } C 0 , 

(a) will follow directly from (5-1 ) as we shall see. 

We prove now the first part of (5-1 )• We assert firstly that for 
all such that 


0 < *0 S 4(1-2) 

there exists a positive real number K(i} q ) such that arg u 1 > for all 
u of argument equal to n> Q and modulus less than K(tf Q ). 

This last assertion can be proved as follows: We have from (4.3) 

that 


,s-2 


u 1 = u(i + bu 3 " 2 ) + F(u, cp 0 (u)) = u ^1 + bu J 
Thus taking the arg u = we obtain 

log p 1 + i 1 > 1 = log p + itf Q + log + bu £ 
Equating Imaginary parts gives 

F(u,cp )■ 


F(u,<p ( 


¥4 


.3-2 






r s_ 2 K 

+ Im log j 1 + bu + - - - J* 

■ ■>„ * I” * £) - i (b»" 2 ♦ u) 

* i <r " 2 * I) 


...} 


+ b|u| 3 " 2 sin(s - 2)0 o + terms containing |u 


s-1 
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We can thus determine K(o 0 ) such that if |u| < K(o Q ) this last quantity 
is 

- *0 +? M 3 ' 2 3ln ( a - 2)l> 0 - + f N 3 " 2 > *o • 

Note that K(o 0 ) goes to zero with 

To conclude the proof of the first part of ( 5*0 we easily see 
that if < $ 0 and 

l u l 

then |u 1 1 > |u| since 

|U,| > |u| |l + bu a - 2 | - M|u| 3 

> |u| (l + - M|u| 3 

- |u| [l + |u 3_2 | (| - M|u|)] > lu| . 

Thus choosing 


< '5T^2"J 


and 

p, < min [i, Jjj, K(iJ 0 ) j 

insures that the first part of ( 5 . 1 ) holds. We claim that this also serves 
to insure the second part of ( 5 . 1 ) for 

|u| < b(s-1 ) * 

PROOF. Denote by q>-,(u) the image under ( 4 . 3 ) of q> 0 (u). Then 
by (4.7) we have 


Dividing by 


9,(^1 ) » 9 0 (u)fi - b(s - Du 3 ' 2 ) + G(u, <p Q (u)) . 

2 

u and taking moduli we get 


* 1 (u 1 ) 

, 2 

< 

( l ) 0 (u) 

2 

1 

o' 

CO 

1 

'c 

00 

ro 

+ 

G 

2 

U 


U 


U 


< |i - b(s - 1)u 3_2 l + M|u) 3-1 
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< 1 - |u| s ~ 2 + Mlul 8 " 1 

- i - |u| 3-2 ( ^ b ^ 3 g ~ 1 } - M|u|) < i 


since 

i..i . b ^ b(s-l ) 

|u| < m < 2W- • 

Thus since |u| < |uj < p 1 we have | <p 1 (\i 1 )| < p 2 < p 1 since 
P 1 < i. This concludes the proof of (5-0* 

We now complete the proof of (a). Prom the analyticity of (4.3) 
we know that <p.,(u) inherits the analyticity of <p Q (u). <p 1 (u) is de¬ 

fined in the region S 1 which by (5-0 contains S. Thus ^(u) is de¬ 
fined in S, and its values lie within C 1 C C. In addition <p 1 (u) will 



FIGURE 1 
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be real for real values of u. Thus <p 1 (u) will have all of the properties 
of <p 0 (u). See Figure 1. 

Continuing in this manner yields a sequence (p Q (u), q> 1 (u), 

<P 2 (u)> • •• which by (5*0 are bounded in S and by Theorem 1 converge to 
q>(u) for real values of u. Vitali's Theorem then tells us that the se¬ 
quence converges to a function analytic in the interior of S, thus no in¬ 
formation is provided at u - 0 which is on the boundary of S. Special¬ 
izing this result to real values of u gives precisely (a). 

PROOF OF (b). The proof of (b) is carried out by showing that 
<p(u) has a unique asymptotic expansion at u = o. 

Recall that the Hamiltonian can be taken in the normal form ( 3 . 2 ). 
This can be rephrased in terms of the mapping as follows: By a transforma¬ 
tion 


U = u, V = v + P n (u) 

U 1=V V , ■ v , + P n (u , ) 

( 4 . 3 ) becomes a mapping with V ] of the form 

( 5 . 2 ) V, = V(1 - b(s - 1)U 3-2 ) + VW n (U, V) + Z N (U, V) 

where Wjy is a polynomial whose lowest and highest terms have degree s - 1 
and N + s - 2 respectively and Z N has degree exceeding N + s - 2 . 

We assert that the 

N 

P N (u) “ I Pk^ 
k=2 


above satisfy 


lim 

u —> 0 


<p(u) + P N 0 (u) 


N- 

jrr 


= ~ P N-1 ’ 


i.e., that 


00 



k=2 


is the asymptotic expansion of the Invariant function cp(u) at u = 0. 
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PROOF- Denote the invariant function written in the U, V co¬ 
ordinates by y(U); then clearly 

cp(u) *= - P N (u) + ¥(u) , 


hence 

<p(u) + P n _ 2 (u) = - - p N u N + ?(u) = R N _g(u) 

and our assertion reduces to proving that 


lim 

u —> o 


R N-2 ^ 
TPT - 


P N-1 ' 


This we do as follows: Let '•' 0 (U) be a function obeying |l 0 (U)| < U N 
and (U) be its image under the mapping In the form (5-2 ) • From the 
functional equation (4-7) and from (5*2) we have 


= * 0 (U)(i - b(s - 1)U 3 " 2 ) + * Q (U) W N (U, v Q (U)) + Z N 


Thus 


W 


*0< D > 

U N 

N 

U N 


(i - b ( 3 -1 )u 3 2 + |w N i) + -^rr 


which for suitable constants M 1 and Mg Is 

<1 - b(s - l)U 3-2 + M^ 3-1 + M 2 U 3_1 

which for 

0 < U < Min [^rry, * 3 < 1 


Thus since we can clearly choose U sufficiently small to Insure that 
U 1 > U we have 

IWI <TJ? • 


Continuing In this way we obtain that all the iterates y q , Yg, • •• 
have this property, hence |*(U)| < - 

Now this last result together with the fact that 


R N-2 (u) 

„i¥-T" 
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clearly shows that 


11m 

u —-> o 


Rjj_ 2 (u) 

“ITT— 


" ' 


which concludes the proof of (b). 

We can now remark that the entire argument of Sections 4 and 5 
can be carried out for any simple real zero of o 3 (tf). Notice also 
that with + * is a root of a 3 (tf), thus the invariant curves 

come in pairs which are tangent to the same line at the origin but these 
pairs are not the analytic continuation of each other because of the singu¬ 
larity at the origin. 

Also, notice that the transformation yielding ( 2 . 7 ) has the 
period in t, where a> = £ . Thus in the original coordinates the 

invariant curve has the following significance. A solution x(t), y(t) 
with initial values on the curve returns to the curve after the time 2q« 
at a point closer to the origin. Thus after a time t = 2q« the entire 
curve q>(u) will return to its position at t = 0 . For values of t be¬ 
tween 0 and 2q« the curve will sweep out some surface whose plane 
sections perpendicular to the t-axis are indicated in Figure 2 . 


y y y y y 



FIGURE 2 


Finally we can remove the restriction that the constant h > 0 
by remarking that if we consider the inverse mapping of ( 4 . 3 ) then the 
role of b is played by - b, so that we can reduce the case b < 0 to 
the one we have treated by working in this case with the inverse mapping. 
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§ 6 . COUNTEREXAMPLE TO ANALYTICITY AT u - 0 

We now give the counterexample to analyticity of <p(u) at u - o 
mentioned at the beginning of Section 5« We will first have to recall some 
properties of the function 


*(z) - log r(Z) , 

where r(z) is. the gamma function. 

r(z) obeys r(z + i ) - zr(z); taking logarithms and differ¬ 
entiating 4 times gives 


( 6 . 1 ) Y"'(z + i) = - \ + * M, (z) . 

z 

It is this functional equation for Y ,,, (z) that we will have need for. 
We take as our mapping 

u 


f(u) 


(1+u 3 - 2 ) 3-2 


( 6 . 2 ) 


3-1 


^ * (1 + u 3-2 ) 3 " 2 (v - 6 u 33 “ 7 ) = g(u, v) 


which an easy calculation shows to be area preserving and of the form (4.3) 
when considered expanded into its power series. First, we make the useful 
observation that 


(6.3) 


u 3 - 2 u 3 - 2 


+ 1 


Now we claim that the curve given by 


(6.4) 


q>(u) 


,s-i 


y ! I I 


C-) 


is left invariant under (6.2). 

PROOF. We must show that 
(6.5) g(u, 9(u)) * 9 (f (u)) 


This will be done by reducing ( 6 . 5 ) to the functional equation ( 6.1 ). We 
write ( 6 . 5 ) in extensor 
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3-1 

(i + u 3 - 2 ) 3 " 2 

3-1 
3-2 \S-2 


- 0 ± u ) 

,,3—1 




\j t I f 


Using (6*3) In the right-hand side and performing some elementary manipu¬ 
lation reduces this to 

) - 6uU(8 " 2) • 


Finally, setting 


1 


u 


S-2 


z 


gives exactly ( 6.1 ). 

To conclude that this is the desired counterexample requires only 
to remark that cp(u), as defined, is analytic within a circular sector 
about the positive real u-axis of angle 


is real for real u, and has an essential singularity at u = 0 : it has 
there a divergent asymptotic representation, see, for example, [i] and [ 5 ]. 
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VI. SMALL PERIODIC PERTURBATIONS OP AN AUTONOMOUS 
SYSTEM OP VECTOR EQUATIONS* 

** 

Walter T. Kyner 
INTRODUCTION 

In a study on non-linear analytic ordinary differential equations 
printed in 1934, N. M. Kryloff and N. N. Bogoliuboff [i] published the first 
results in perturbation theory where a set of solutions was the primary ob¬ 
ject of study. They established the existence of a two dimensional torus 
generated by solutions whose initial values formed a cross section. This 
bounded set of solutions is a natural generalization of the one dimension¬ 
al torus, i.e., the periodic solution. 

The cross section of initial values can be interpreted as a curve 
that is invariant under a transformation Induced by the differential equa¬ 
tion. The existence of a torus of solutions follows immediately from the 
existence of an invariant curve. 

N. Levinson published a similar result in 1950 [ 2 ]. He removed 
the restriction of analyticity and required that the unperturbed equation 
have a strongly stable periodic solution. Using a geometric interpreta¬ 
tion of Levinson's proof as a starting point, S. P. Dlliberto [ 3 ], [ 7 ], 
proposed a perturbation theory where the objects studied are periodic 
k-surfaces. (A surface generated by solutions to a system of differential 
equations is called a periodic k-surface if it is the homeomorphic image 
of the product of k circles.) I made a study of a class of transforma¬ 
tions that are used in this theory and obtained sufficient conditions for 
the existence of an invariant surface. My result was published in Volume 
Three of this series [4]. 

The purpose of this paper is to apply this theorem to a perturba¬ 
tion problem closely related to that of Kryloff and Bogoliuboff. Their 

This report represents results obtained at the Institute of Mathematical 
Sciences, New York University, under the auspices of the U. S. Army Office 
of Ordnance Research, Contract No. DA-3 0 - 069 -ORD- 1258 . 
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torus of solutions is a periodic 2-surface. In the problem studied here, 
a set of periodic (k + 1)-surfaces is shown to exist. The members of 
this set are generated by solutions starting on periodic k-surfaces. 

SECTION 1 

Using vector notation, a system of n differential equations 
can be written 

0) if = • 

We assume that the vector valued function X has continuous third partial 
derivatives. We also assume that the system of differential equations has 
a periodic solution x = u(t) of period o>. 

In the (x, t) space, the range of this periodic solution is a 
closed curve in the t = 0 plane. Let us call It 3 Q « The solutions to 

(1) whose initial values lie on 3 Q are periodic solutions, x * u(t + t Q ). 
These solutions generate a cylinder parallel to the t-axis. By the unique¬ 
ness theorem, a solution once touching this surface must remain on It for 
all t. 

Now consider a perturbed system 

(2) a§ = x(x, t, 7) . 

We assume that the third partial derivatives of X with respect to x and 
t are continuous in x, t, and 7, and are periodic in t with period 
T. y Is a real parameter. At 7=0, the system (2) becomes the autono¬ 
mous system (1). 

In the t * 0 plane, let 3 be a smooth simple closed curve 
near the curve defined by the periodic solution to 0 ). If 7 is small, 
we can use the points of the curve 3 as sets of initial values for solu¬ 
tions to the perturbed system. A surface will be generated whose inter¬ 
section with the plane t = T will be a simple closed curve. In this way 
a transformation is defined on a class of curves. If it is possible to 
find a curve that is fixed under this transformation, then the solutions 
starting on its image in the t * T plane will trace out the same curve 
in the t * mT plane, for any integer m. This follows from the period¬ 
icity of the perturbed system. Therefore if, for some 7, an invariant 
curve exists, the solutions to (2) that start on it will generate a period¬ 
ic surface in the (x, t) space. By identifying cross-sections at t * 0 
and t * T, this surface becomes a two dimensional torus in n space. 

The generating curves are solutions to a differential equation on this 
torus. 



PERIODIC PERTURBATION OP AN AUTONOMOUS SYSTEM 


113 


It is easy to see that such invariant curves usually will not 
exist. It is therefore necessary to place further restrictions on the un¬ 
perturbed equations (i). Levinson [2] assumed that the periodic solution 
x - u(t) was strongly stable. This means that the linear equation of 
first variation 

<»> 

J-1 

has n - 1 characteristic exponents with negative real parts. He then 
proved that for each 7 sufficiently small, there is a unique invariant 
curve depending continuously on 7 , and having the property that 

as y tends to zero, approaches P Q , the curve determined by the 

periodic solution to ( 1 ). In the (x, t) space, as 7 tends to zero, 
the periodic surfaces defined by these invariant curves collapse onto the 
cylinder defined by the periodic solution. 

The hypothesis about the characteristic exponents is similar to 
the non-vanishing Jacobian hypothesis of the implicit function theorem. 
Diliberto conjectured that it would be sufficient if the n - 1 charac¬ 
teristic exponents have non-zero real parts. This insures the inverti- 
bility of an operator corresponding, in a sense, to the Jacobian. In 1953, 
G. Hufford [ 5 ] proved Diliberto*s conjecture. 

Let us consider the following generalization of this problem. 

Take a system of vector equations 

dx. 

(4) = ^i^ x i^ i ** 1 > ..., k , 

where for each i, we have an n dimensional vector equation. Each vector 
equation is assumed to have a periodic solution with period co^ (the 
may be unequal). In the kn dimensional space formed by taking Cartesian 
products, these solutions define a k dimensional torus. The solutions 
to (4) starting on this k-torus generate a cylinder parallel to the t-axis. 

The perturbed system 
dx, 

( 5 ) cfE“ " X i< x i’ x 2' *'•» x k' t ' 

introduces coupling (and periodic time dependence, with period T) that 
disappears as 7 tends to zero. We take as a set of initial points a k 
dimensional surface near the k-torus. For small 7> a transformation is 
then defined by following solutions until they intersect the t * T plane. 
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The generalized problem is to find sufficient conditions so that 
for each 7 sufficiently small, there is a unique invariant surface. This 
invariant surface will define a periodic surface in the (x, t) space that 
can be considered as a (k + 1) dimensional torus in a (kn + 1) dimension¬ 
al space. As y tends to zero, this must collapse onto the original surface. 

The first results that apply to the generalized problem were ob¬ 
tained by M. Marcus [6] in 1953* His theorem, when specialized to k = 1, 
includes Levinson’s but not Hufford’s. By using a fixed point theorem that 
Is stated in Section 3 (and proved in [4] ), I have shown that an invariant 
k-torus exists, if, for each i, the unperturbed vector equation (5) 
satisfies Hufford’s hypothesis. 


SECTION 2 


In order to prove the existence of an Invariant surface, we make 
use of a coordinate transformation Introduced by Levinson for the k = i 
problem. For each i, we can transform the corresponding n dimensional 
space to coordinates (y^, y|, ..., y^ -1 , e ± ) by 


(6) x ± = u ± (e ± ) + S i (e i )y i . 

Si( 0 i) is an n x (n-1) matrix whose entries are periodic functions 

of the single variable 0 ± with period a^. is the periodic solution 

of the unperturbed i-th vector equation. This transformation is valid 
near the curve defined by the range of u^. It induces a transformation 
of the product space. 

In this coordinate system, the periodic solution u^ is given 
by y ± = 0, 0 ^ = t. The system of vector equations (4) can be written 


dy., 

at - = Y i ( yi’ 0 i ) 
(7) 

d 0 i 

mr = e i ) 


where and 0^ have period in 0^. Y^Co, e 1 ) = o, ©^(o, e^) = l. 

The perturbed system becomes 


dy. 


g^ = Y i (y 1 , ..., y k , ..., 0 k , t, 7 ) 


( 8 ) 


de 


® ©i(y 1 > •••> y^# •••> t, 7) • 
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and have period in and period T in t. Aa 7 becomes 
zero, (8) becomes ( 7 ). 

Consider a solution to the perturbed system that starts from a 
point in the t * 0 plane with coordinates (y, e) * (y 1# •••, y k , 0^ 

e k ). (Recall that (y^, e^) is a point in the n dimensional space 
of x^.) This solution can be written 


( 9 ) 


y = F(t, y, 0, 7) 


9 = G(t, y, 0, 7) • 


Since y=o, 0=t+e is the solution of 7 = 0, y = 0, e = 0, 
we can write ( 9 ) as 


(10) 


y = N(e )y + R(y, 0, 7) 


0 = 0 + T + H(y, 0,7) t 


where the solution is evaluated at t = t. N(e ) is the k(n-i ) x k(n-l) 
matrix formed by the partial derivatives of the vector function F with 
respect to y evaluated at 7 = 0, y = 0 , 0 = 0 . R is a k(n -1 ) 
vector, H a k vector. Both are C 2 functions of y and e, with 
period in e^. 

At y = 0 , 7 = 0 , we have 


R(o, 0, 0) = 0 , 

M 2 ih 2l = 0 , 
dy 

H(o, 0, 0 ) = 0 . 


Equation (10) defines a mapping of the point (y, e) in the t « 0 
plane onto the point (y, 0) in the t = T plane. This induces a map of 
surfaces onto surfaces by taking y = P( 0 ^ •••> 0 k )> where P has period 
a, in and is of class C 2 . The image of P is a surface n in the 

t * T plane, n is given by 

*(e) * N(e)p( 0 ) + R(P(e), 0, 7) 


( 12 ) 


e*0 + T + H(p(0 ), 0, 7) • 
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To compute the value of n at 0, it is necessary to solve the second 
equation of (12) for 0 as a function of 3 , e, and 7. Geometrically, 
we are finding the 0 coordinate of the point («(e), e) in the t = T 
plane by going hack along a solution curve to the point (3(0 ), 0) in the 
t - 0 plane. This can be done if the norms of 3 (see below) and of 7 
are small enough. 

Let be the transformation such that jr = Q^( 3 ). This trans¬ 
formation of surfaces into surfaces can be considered as a non-linear 
transformation defined on a subset of a space of multiply periodic func¬ 
tions. Our problem is to show that this transformation has a fixed point. 

SECTION 3 


If we let m = k(n - 1 ), our function space is the space of real 
multiply periodic continuously differentiable m-dimensional vector valued 
functions of k real variables. If 3 = ( 3 1 , • • ., 3 m ) Is such a func¬ 
tion, then 3 must be periodic with period In 

We use 


where 


|| 3 || = max 





|| 3 II = max max | p - (e ) | . 

j 6 J 


For fixed 7, a transformation n = Q^( 3 ) is given by equations 
(12). To insure that e can be solved for 0, we restrict ||3|| and I7I 
so that the matrix 



Is non-singular* 

If ||N|| <1, it is possible to work with Q y directly and pick 
a bounded equi-continuous set that is mapped into itself. This set can be 
selected so that Is continuous on-It. By Schauder's theorem, there 
is a fixed point in the set. This method was used by Marcus. 

However if we do not know that ||N|| < 1, (e.g., k * 1, Hufford ! s 

theorem) this method cannot be used. It is convenient to do the following: 

If 3 Is a fixed point, i.e., 3 * Q y ( 3 ), then the first equation of 

(12) can be written 
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( 13 ) 3 (e) - N(e )3(e ) * R(3(e), e, y) . 

For fixed p and y, a linear transformation is defined 

on the function space by 


(14) 


(15) 


[ L p 7 pj(e) * p(e) - N(e)p(e) 
e ■ 0 + T + H(p(e ), B, y) 

If Is Invertible, then equation (1 3) becomes 

3 = L^R(3, y) , 


where [R(p, r)](e) * R(P(e), 0, y ). Because of the big o properties of 
R (see eq. (n )), it Is possible to apply Schauder’s theorem to the trans¬ 
formation L -1 R. 

In [4], I studied transformations of the type and showed 

that If L“^ Is uniformly bounded in norm, there exists y Q > 0, such 
that if | r | < 7 0 , Q r has a unique fixed point 3 r « 3 r is continuous 
in y, and as y --> o, p -> o. Furthermore 

{%} 


satisfy a uniform Lipschltz condition. (Recall that the 0 of the func¬ 
tion space corresponds to the k-torus defined by the periodic solutions to 
the unperturbed differential equations (4)). 


SECTION 4 


PROPOSITION. If for each i, i = 1 , 2, k, the 

vector equation (4) has a linear equation of first 
variation 


( 16 ) 


dv V ax i( u i.( t ^ 

at = L —- 

J-i 

with n - 1 characteristic exponents with non-zero 
real parts, then for suitably restricted 3 and y t 
Li 1 exists and is uniformly bounded in the norm. 
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PROOF. The matrix N(e) is found by taking the partial deriva¬ 
tives of F(t, y, e, 7) with respect to y^. Since the derivatives are 
evaluated at 7 * 0 , the effect of coupling disappears. Therefore 


( 17 ) N(e) = 


/ w 


N 2 (e 2 ) 


N k (8 k ), 


If y^ = F 1 (t, y 1? e i ) is the solution to the unperturbed (and therefore 
uncoupled) i-th equation, we have 


(18) 


3 F,, (T, 0 ,e, ) 

W ■ --ay- 1 - 


Because of the special form of N(e), it is sufficient to study 
the transformation defined on a subspace of (n-1)-vector valued functions 
given by 


( 19 ) 


(® 1 > 9 2* ® 3 9 * * * 9 ^ ~ ** (® 1 * • • ' * ® ) — (0 ^ )it (0 y , • • • , 0^ ) 


0 = Gp 7 (9 ) = 0 + T + H(P(0 ), Q, 7) 


it is an (n-i)-vector, p a k(n-i)-vector, and 0 is a k-vector. 

We will take as a transformation on the space of complex 

valued functions. If Lgj, exists, it induces a transformation on the 
space of real valued functions. 

In an appendix, it is shown that 


( 20 ) 


N 1 (e i ) = P(e 1 + T)JP -1 (e ± ) 


P is a non-singular periodic matrix, J is a constant matrix in canonical 
form, i.e.. 


(21) 


1 1 i 

0 

0 

0 

> 


k 1 

1 

O 

O 

> 

= 

• 0 

J v = 

0 1 \ v ... 0 


0 \ 




1 J tj 


• > 

• O 

• O 


, t • 
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Since the characteristic exponents of (16) are the logarithms of 
the characteristic roots of J, ve have that |\ y | 4 i. 

We now define linear transformations on a subspace of (n- 1 )-vec¬ 
tors by 

[Pit] (e ) = P(eMe) 

[T -1 «](e ) = t(e - T) 

(22) 

[< 5 p7 *](e) - *(G pr (e)) 

[Jit] (6 ) s Jit (9 ) • 

Then 

( 23 ) T " 1l, P 7 * T_1 °p 7 - PjT -1 P -1 = P(P' 1 T" 1 Sp 7 P - 3 t -1 )P -1 • 

Let 

(8*) Kp 7 = P-’t-’g^P - JT - ’ . 

( 25 ) [K pr *J(0) = P _1 (e)p(Gp r (e - T))n(G p7 (e - T)) - J«(e - T) 

(26) G pr (e - T) = 0 + H(p(e - T), e - T, y) . 

Because of this, if 

( 27 ) P P7 (0) = p(o py (e)) - P(e) , 

then (using the big 0 properties of H) ||Pp y || con be made small by re¬ 
stricting || 91 | and |y | • We can write equation (25) as 

(28) [ Kp7 «](e) = «(g P7 (0 - T)) - J*(0 - T) + p- 1 (e)P p7 (e)n(^G p7 (0 - T)) 

The first two terms define a transformation that acts independently 

on the subspaces determined by the distinct characteristic values of J. 
The last term can be made small in norm. 

Let 

(29) [m P7 «] ( 0 ) = «(g P7 (9 - T) - J v 0(0 - T)) . 


0 is a complex r-dimensional vector valued function, where r is the 
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multiplicity of \ y . If has a uniformly bounded inverse, then 

will. By using the standard series technique, this implies that K^, 
and therefore Lp y , and finally L Pr have uniformly bounded inverses. 

For fixed P and 7, 0 = 6^(0) differs only slightly from the 
identity map. We can solve for 0 to get 0 - V^ y (e). Define the linear 
transformation Then 

(3°) <r= T %r(l-Wv) * 

(31) [ z - w v ] 0(e) ■ 0 ( 0) - v(v e) ) • 


To show that this transformation has a uniformly bounded inverse, 
we make a very slight modification of the proof used by Hufford in Lemma 
3.1 of his thesis. 


If | \ y | < 1, take 5 so that | X y | + 8 < 1. Let S be de¬ 
fined by the matrix 


( 32 ) 


5 0 0 .0 

0 6 2 0 ... 0 


\ 0 0 0 ... 


Then 


(33) 


sj v s 


-1 


\ y 0 0 ... 0 0 


5 0 


\ 0 0 


0 0 


• • 

5 \ 


This matrix defines a linear transformation 3 J^” 1 . ||§ J^" 1 1 | = |\ y | + 8. 

(34) (l - > p / v ) - S-’(l - v, y S j v S-’ § -'y . 


ii'Vpyll < 1 + q, where q can be made arbitrarily small (see 
appendix). Therefore ||V 0y 3 JyS" 1 1 | < (1 + q)(|x y | + 8) < 1, If q is 
properly chosen. 
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(35) 


(i - v„S 


i (v v-t 


u=o 


< (i/a) 


q la Independent of 0 and 7 (If ||P|| < r Q , I7I < r Q ), hence we have 
a uniform bound. 

If |x | > 1, then J * 1 has the characteristic root (i/x y ) < 1 / 

and 


( 36 ) 


C 1 - Vv )' 1 - - C 1 - v’)~ V -1 • 


llGp 7 ll < 1 + qS q ! small. We again have a uniform bound. 

Retracing our steps, we see that as a transformation on a 

space of complex valued functions Is uniformly bounded. The transformation 
induced by It on the space of real valued function has the same bound. 

This completes the proof of the proposition. 


CONCLUDING REMARKS 


My fixed point theorem was applied to a special situation where 
the existence of a periodic coordinate transformation and the existence of 
L _1 depended on their existence in the single variable case. If the un¬ 
perturbed periodic surface of Initial values Is not the product of periodic 
solutions, it Is not yet possible to show that the differential equations 
( 5 ) can be transformed into the system ( 8 ) so that the original periodic 
surface is given by y = o, e = 0. 

In the general k variable problem the concept of characteristic 
exponents Is not applicable. A method of characterizing the unperturbed 
system of differential equations i 3 needed so that one could easily tell 
If L ” 1 exists and Is uniformly bounded. Diliberto has recently obtained 
such a result for the special case of m * i [page 5»3 of [ 7 ) 3 . 

APPENDIX 

PROPOSITION. Njpp = P(e ± + T)J P'Vp. 

PROOF. Dropping subscripts, we have that y * F(t, y, e), 

0 88 G(t, y, 0) is the solution of 

g- Y(y, e) 

( 1 ) 

§! - ®<y» 6 > 
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that starts at (y, e) In the t - o plane. Since y = o, 0 » T + 0, Is 
a solution, Y(o, e) s o, 0(0, 0) a 1. The equation of first variation is 


/ 


( 2 ) 


dw 

nr 


dY(o,t+e) 

dy 


3e(0ft+e) / 0 

\ 3e / 


ay 

* 5 r 


is an (n-l) x (n-i) matrix. 


( 3 ) 


d 

nr 


fdF(t, o,e ) 1 = dY(o,t+9 ) aF(t, o,e ) 

ay -I av av 


dy 


dy 


If W(t) is a matrix of solutions to 


( 4 ) 


dw = ay(o,t) v 
nr ay 


such that W(o) = I, then 


Mt - e / ., 0 ,8 ) „ v ( t ) w -1 ( e ) 
Sy 


Set t * 0 + T, then 

( 5 ) N(e) - g w( e + t)V f ~ 1 ( 8 ) . 

dy 

Equation ( 4 ) is a linear differential equation with periodic co¬ 
efficients. Its characteristic exponents are the (n - 1 ) characteristic 
exponents with non-zero real parts associated with the original variation¬ 
al equation. 

Therefore there exists a periodic matrix Q(t) * Q(t + a^), 

Q(o) * I, and a constant*matrix A such that 

( 6 ) W(t) * Q(t) exp[tA] 

Let expttA] ■ RJR" 1 , P( 0 ) * Q(e )R, then equation ( 5 ) becomes 


(7) 


N( 0 ) - P (0 + T)JP -1 ( 0 ) 
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This proves the proposition. 

PROPOSITION. Given q 1 >0, there exist r Q , so that if 
||0|| < r 0 , and |r| < r 0 , then ||5 pr || < i + q'. 


|V]< e) ’ *(V e) ) * 


Since e * G^(0) - e + T + H(p(©), 0 , 7 ) is one to one# 

(9) ||V*H 0 ‘ "f “* |*l( G Pr (0) )l “ “* “* |‘l (e) | “|ML ' 


a«<o Py <e)) 


il Hu y a A . ( 9 )) [e.. + y 

L & iJ L 

^ 4_i 1 L 4-1 


dH^pC© ),e,r) dp 
dy^ do 


^(pfe ),o,r) 

J 


is uniformly bounded, and H(o, 0, 0) s 0 . Hence we can take ||p|| and 
| 7 1 small enough to insure that 


Sit(G R (0)) dit 

-&Z- < - tl + q'] 

do* “ do. o 


Therefore 


l|0p 7 *ll < 11*11 tl ♦ q«] 


Having this, we can show that the Inverse map, V satisfies 
l|Vp 7 *« < 11*11 [1 + q] . 
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VII. ROTATED VECTOR FIELDS AND AN EQUATION FOR 
RELAXATION OSCILLATIONS 

Georg© Seifert 1 
1. INTRODUCTION 

We are concerned with systems of differential equations of the 

form: 

(1.1) x = P(x, y, a), y « Q(x, y, a) ; 

here the dots stand for differentiation with respect to the independent 
variable t, and a is a real parameter. We shall refer to the curves in 
an (x, y) cartesian plane, the so-called phase plane, as the phase tra¬ 
jectories, or simply, the trajectories, of the system (i.i). The critical 
points of ( 1 . 1 ), the points of the phase plane for which P and Q are 
both zero, while corresponding to solutions of this system, will not be re¬ 
ferred to as trajectories, are assumed independent of a, and constitute 
a set of points having no finite limit point in the phase plane. Ordinary 
points are points which are not critical. 

At each ordinary point (x, y) a vector having components 
(P(x, y, <*)r Q(x, y, a)) is defined, and for fixed a the totality of all 
such vectors will be called the vector field of (i. 1 ) corresponding to that 
value of a. If all the vectors of field experience a rotation in the same 
sense as a is varied monotonlcally in some interval, we say that (i.i) 
defines rotated vector fields for a on this interval. G. F. D. Duff [l] 
has studied a type of rotated vector fields largely for the purpose of de¬ 
termining the behavior of limit cycles, i.e., trajectories which consist of 
simple closed curves and correspond to periodic solutions of (i.i), in 
terms of variations in o. 

It is the purpose of this paper to discuss a more general type of 

1 This research was supported in part by the United States Air Force through 
the Office of Scientific Research of the Air Research and Development Command. 
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rotated vector field, primarily for the purpose of determining the behavior 
of limit cycles in terms of variations in a. It Is found that if two half- 
trajectories, corresponding to distinct values of a and originating at the 
same point. Intersect at a point beyond the initial point, the region en¬ 
closed must contain a critical point. A non-intersection theorem for cycles 
corresponding to distinct values of a is obtained. A theorem concerning 
the monotonic and continuous variation of asymptotically stable (which we 
will henceforth refer to as simply stable ) limit cycles follows. Instead 
of a theorem such as Duff obtains concerning the nature of the bounds of 
the annular regions covered by varying cycles, we prove a theorem of some¬ 
what similar content, largely, however, for the purpose of proving an ex¬ 
istence theorem for periodic solutions of a general equation for relaxation 
oscillations. In particular, the equation X + f(x, x)x + g(x) = 0 Is 
considered, and a set of conditions on f and g are given under which a 
periodic solution exists. The special case for which 

f(x, y) = T y -| Vr ■ ’» s(x) ■ x / 2 ’ 

to which the existence criterion given by Levinson and Smith [2] cannot 
be applied, satisfies these conditions. In fact, it seems that the require¬ 
ment given in [2] that there exist an x Q > o such that for |x| > x Q and 
all y, f(x, y) > o can be relaxed to the extent that for each fixed y 
we need f(x, y) > 0 for x sufficiently large, provided the dependence 
of f on x is large enough In comparison with that of g. 

2. GENERAL RESULTS 


We assume that P and Q of (i.i) are continuous in (x, y, a), 
satisfy Lipschitz condition with respect to x and y in any bounded 
domain of the (x, y) plane, and that for a domain of this plane and 
a real interval J , the following conditions are satisfied: 

(A) the partial derivatives P fl and ^ exist at each ordinary 
point R In 9 and a in J, and 

a 2 

o < f d a < jt f where a(x, y, a) * 

J p d + Q d 

a i H 

and < a 2 are in J, and (x, y) is in ^ . If (x, y, a ] ) is such 

that the above integral is zero for some a 2 > a^, we will refer to the 
point (x, y) as an a 1 -stationary point, while all other ordinary points 
of will be referred to as -rotation points . In terms of these defi¬ 

nitions, we also require that: 


P Q 
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(B) for each a in J there are at most a finite number of 
a-stationary points on any finite arc of any trajectory of ( 1 . 1 ) correspond¬ 
ing to that a; here, a finite arc of the trajectory of (x(t, a), 
y(t, a)) is the set of points of the (x, y) plane defined for t Q < t < t 1# 
t Q and t 1 being finite but arbitrary. 

Condition (A) Implies that the vector at each ordinary point of 
either rotates in a clockwise sense as a increases from a point « 1 
in J) or is stationary there, depending on whether or not the point is an 
c^-rptation point. It is obvious that if the integral in (A) is zero, then 
the conditions of (A) require that it also vanish if a 2 is replaced by 
any value between a 1 and a 2 . We next observe that if e is the angle 
of inclination of the vector at (x, y) for a in J, then tan e ** Q/P, 
and since the partial derivative e a - a(x, y cr)/(P 2 + Q 2 ), the integral 
in condition (A) is just e(x, y, a 2 ) - e(x, y, a 1 ). 

If we had assumed that P and Q have continuous first deriva¬ 
tives with respect to x and y, then the restrictions in (B) on the set 
of a-stationary points are unnecessary, since in that case, a somewhat 
generalized Poincare-Bendixson theorem due to Urabe and Katsuma [3] may be 
used in much of what follows. We point out, however, that in the special 
case considered in Part 3 of this paper, this condition is not satisfied 
in that the f(x, y) considered there has no partial derivative with respect 
to y on the line y * o. 

For the remainder of the section we assume, for the sake of con¬ 
venience, that is the entire (x, y) plane and that J is the set of 
all real numbers. We shall use the following notation: 

(a) r(R 1 , a) is the trajectory containing the ordinary point 

v 

(b) if the point R 1 on r(R 1 , a) is reached at t * t y , then 

the set of points of this trajectory defined for all t > t^ the so-called 
positive half-trajectory of r(R i; a) will be denoted by r + (R 1 , a); the 
set of points of this trajectory defined for all t < the negative 

half-trajectory, will be denoted by r.(R^ a); 

(c) if R 2 is a point on r + (R 1 , a) corresponding to t * t 2 , 
t 2 > tj, then r(R i; Rg, a) is the finite arc of this half-trajectory de¬ 
fined by all t in t 1 < t < tg. We will refer to R 1 and Rg as the 
initial point and final points respectively of r^, R g , a), and observe 
that If these coincide, r(R 1# Rg, a) defines a cycle. 

THEOREM 1. Let R Q be an ordinary point of system 

(i.i), a 1 > a Q , and suppose that the half-trajectories 

r+ (R 0 , a Q ) and r + (R Q , a 1 ) have the point R 1 in 
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common such that r(R Q , R ? , oc Q ) and r(R Q , R,, « 1 ) 

are finite arcs. Then the region bounded by these 

finite arcs contains a critical point. 

PROOF. We denote by the region bounded by r(R Q , R 1 , a Q ) 
and r(R Q , R 1 , a 1 ), and consider an a Q -rotation point P 1 on r(R Q , R 1 , a Q 
such that P, is distinct from R Q and R 1 . Then rfP^ a y ) enters & Q 
provided t varies in the appropriate sense; we first assume that r(?^, a 1 ) 
enters as t increases, and point out that this assumption implies 
that for any a Q -rotation point P on r(R Q , R^ ot Q ) and distinct from 
R 1 and R Q , r(P, a 1 ) also enters %> Q as t increases. 

If r + (P 1# a 1 ) is contained In 7> 0 , its positive limiting set 
must either be a cycle, or contain a critical point; in either case 3> 0 
must contain a critical point, and there is nothing to prove. 

Hence, assume r + (P 1# ct ] ) intersects the boundary of <2> 0 at Q 1 , 
the first such point after P 1 . The point Q 1 cannot lie on r (R Q , R 1 , ) 

by the uniqueness of solutions of (i.l ) for a - c^, and must therefore be 
an a Q -stationary point on r(R Q , R 1 , a Q ), distinct from R Q and R 1 . Now 
consider an a 0 -rotatIon point ? 2 on r(P 1 , Q 1 , a Q ) and distinct from P 1 . 
Since r(P 2 , a 1 ) enters as t increases, then, as before, If 2> 0 Is 

to contain no critical points, r + (P 2 , a 1 ) must Intersect r^, Q 1 , a Q ) 
at Qg, an (^-stationary point distinct from R 1 and Q 1 . We next repeat 
the same argument In connection with the arc r(P 2 , Qg, a Q ) and conclude 
that there exists a point on it which is an a Q -stationary point dis¬ 
tinct from Qg. 

Continuing in the above manner, we conclude the existence of a 
sequence of distinct a Q -rotation points on r(R Q , R 1 , a Q ), which 

violates condition (C). Thus the region must contain a critical point. 

In case r(P,, a 1 ) enters 2> 0 as t decreases, an argument 
similar to the one given above applies if we consider the negative half¬ 
trajectories r_(P i# a 1 ). This concludes the proof. 

In what follows, we assume that all cycles are described In a 
clockwise sense as t increases. 

THEOREM 2. If > a Q , then the cycles L(a 1 ) and 

L(a Q ) have no points in common. 

PROOF. Let P be a point common to L(ct Q ) and L(a 1 ). Suppose 
first that L(a Q ) has points exterior to the region bounded by L(cu 1 ). If 
r + (P, a Q ) is contained in this region. Its positive limiting set is also; 
but this is impossible, since this set must coincide with L(a Q ) which has 
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points outside this region. Hence, in case L(a Q ) has points exterior to 
the region bounded by L(a 1 ), r + (P, 'a 0 ) contains a point Q, on L(a 1 ) and 
this point must be an ^-stationary point, and could possibly coincide with 

P. Let the point Q on Lfa,, ) correspond to t * t Q . Then there exists 
an e > 0 and sufficiently small so that the point R on L(o 1 ) corre¬ 
sponding to t * t Q + e has the following properties: 

(I) R is an a Q -rotation point, and all other points on L(a 1 ) 
between Q and R are a Q -rotation points. 

(ii) There exists a point R 1 on r + (Q, a Q ) such that the 

line segment RR' is a transversal for the trajectories 
of (1.1 ) when a * a Q and a ■ a 1 . 

(iii) The region bounded by r(Q, R 1 , a Q ), r(Q, R, ), and 
RR ! Is free of critical points. 

The realization of (I) is an immediate consequence of condition 
(C). Next, we observe that the tangent vectors to L(a Q ) and L(a 1 ) at 

Q, have the same direction; if not, condition (A) would be violated. From 
the continuity of P(x, y, a) and Q(x, y, a), it follows that there ex¬ 
ists a circle with center at Q, inside of which the inclinations of the 
vectors of each of the fields a Q and a 1 differ from the inclination of 
the tangent vector at Q, by less than «/8 radians. Hence, the existence 
of the transversal described in (ii) and (iii) follows. 

Consider now the half-tra¬ 
jectory r_(R, a Q ). It cannot have 
points in common with RR r since this 
line is part of a transversal for 
a = a Q ; it cannot have a point in 
common with r(Q, R, a Q ) by the 
uniqueness of solutions of (i.1 ) for 
a = a Q ; finally, it cannot intersect 
r(Q, R, a 1 ), since such a point of 
intersection would necessarily be an 
a Q -stationary point and would contra¬ 
dict condition (i) above. We conclude 
that r_(R, a Q ) is contained in the 
bounded region described in (iii) L.V<*o^ 

above which Is free of critical points. 

This leads to a contradiction; and we 

conclude that each point of L(a Q ) is FIGURE i 

either on L(o 1 ) or inside the region 

bounded by Lfc^). Let Q 1 be a point common to L(a Q ) and L(a 1 ) and 
corresponding to t * t^ on L(a 1 )* Clearly Q* is an a 0 -stationary 
point, and for c > o sufficiently small, the a Q -rotation point S on 
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L(a 1 ) corresponding to t ■ - c is so close to Q' so that r + (S, a Q ) 

Is contained in a bounded region free of critical points; the details of 
the proof of this follow as in the case above and are omitted. Since we 
again arrive at a contradiction, we conclude that L(a 1 ) and L(a Q ) have 
no points in common. This proves the theorem. 

THEOREM 3- Let L(a Q ) be a cycle of ( 1 . 1 ) stable from 
outside. Then given any outer neighborhood of 
L(a Q ), there exists a a 1 such that for each a in 
a Q < a < c^, ctf contains a cycle Lj(a) stable from 
inside and a cycle L 2 (a) stable from outside. L^a) 
and L 2 (a) may coincide. 

PROOF. Let be an outer neighborhood of L(a Q ) contained in 

J and free of critical points, and let R be an a Q -rotation point in 
J/ Q , not on L(a Q ), and such that there exists a transversal RR Q for 
the a 0 -trajectories which connects R to R Q , a point on L(a Q ). We 
assume further that r + (R, a Q ) intersects RR Q at R 1 , a point between 
R and R Q , such that r(R, R 1 , a Q ) is contained in and has no points 

in common with RR Q except R, R Q , and R 1 • 

Then from the continuity of the solutions of ( 1.1 ) in a, there 
exists an a 1 > a Q such that for a Q < a < a } : 

(i) RR q is a transversal for the a-trajectories in the same 
sense as it is for the a 0 -trajectories. 

(ii) r + (R, a) intersects RR Q at R 2 = R 2 (a), a point be¬ 
tween R and R^ and 

(iii) r(R, R 2 , a) is contained in 

Now let 3 be an a 0 -rotatlon point on L(a Q ). Clearly r + (S, a) 
for a Q < a < a 1 must be contained in the region bounded by r(R, R g , a), 
L(a Q ), and RR 2 , for it cannot intersect L(a Q ) after S by Theorem 1 . 

It must therefore approach a cycle L^a) contained in this region, and 
L^a) must be stable from inside. However, r + (R 2 , a) also is contained 
in this region, and must therefore approach a cycle Lg(a) from outside. 
This completes the proof. 

Although system ( 1-1 ) may for each a in a Q < a < a 1 have a 
unique cycle stable from outside, it does not necessarily follow that the 
system will have a cycle for a * 0 ^ . It suffices to consider the simple 
example where P - y, Q - (a(x 2 + y 2 ) + 1 ^ y - x. It is easily seen that 
for this example a unique cycle defined by x 2 + y 2 * - i/a exists for 
each a < 0 , and that this cycle is stable on both sides. 

If, however, the region covered by all the cycles for a in 
a Q < a < a 1 can be shown bounded independently of a, then, under some 
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additional conditions on the location of critical points, the existence of 
a cycle for a * a 1 can be shown. This is done in the next theorem. 

THEOREM 4. Suppose that for each a in a Q < a < a 1 
there exists a cycle L(a) of system (i.i) stable from 
outside and enclosing any other cycle for that a. 

Suppose also that every such L(a) is contained in the 
region bounded by a closed curve C which is independ¬ 
ent of a, and that all critical points of ( 1 . i ) are 
either exterior to C or interior to each L(a). Then 
there exists a cycle of ( 1.1 ) for a * a 1 stable from 
Inside. 

PROOF. Let R q be an a Q -rotation point on L(a Q ) and consider 
the half-trajectory r + (R Q , a ] ); by Theorem i, it has no points, after the 
initial point R Q , in common with L(a Q ) provided It does not cross the 
curve C. However, In this case its positive limiting set is contained in 
the annular region bounded by C and L(a Q ), and since this annular re¬ 
gion is free of critical points, we conclude that r + (R Q , a ] ) must approach 
a cycle L(a 1 ) and there is nothing more to prove. 

Hence, assume that r + (R Q , <*,) contains a point R exterior to 
C. Then for € > o sufficiently small, r + (R Q , a 1 - € ) a l so contains a 
point exterior to C. If L(a 1 - e) were exterior to L(a Q ), it would 
have to enclose L(a Q ), since otherwise there would have to be a critical 
point in the annular region bounded by C and L(a Q ). But if L(a 1 - c) 
encloses L(a Q ), it must Intersect r + (R Q , a, - e), which is impossible. 
Hence, assume that L(a 1 - c) is interior to L(a Q ), and consider 
MR 0 , a 1 - €); since we may assume a 1 - € > a Q , this half-trajectory 

enters the region bounded by L(a 0 ), and by Theorem i it must remain there, 

since MR 0 , oij, - e) cannot intersect L(ct 1 - e). r _(R 0 > a, - e) must 

therefore approach a cycle, which cannot be L(a 1 - e) since L(a 1 - e) 
is stable from outside. Hence, there exists another cycle L 1 (a 1 - c) en¬ 
closing L(a 1 - c), which is also contrary to the assumption that L(a 1 - c) 
encloses all other cycles for the value of a ■ a 1 - c. We have a contra¬ 
diction, and the theorem is proved. 

The following example shows that system (i.i) will under the con¬ 
ditions of the last theorem not necessarily^ave a cycle stable from out¬ 
side for 0 = 0 ^. We define r * (x 2 + y 2 ) 5 and take P ■ y, 

Q * - x - f(r)y + ary, a Q * - i, a 1 * 0, where f(r) = r - i for r < i, 

while f(r) » o for r > i. It is easily seen that for each a in 

- i < a < o, system (l. i) will in this case have the unique cycle defined 
by r * 1/(1 - a) which is stable from outside. However, for a * o. 



132 


SEIFERT 


every circle r * c, where c > i, is a cycle, and conversely; clearly 
none of these are asymptotically stable from outside. If we introduce a 
more general concept of stability, we have, in terms of it, an extension 
of the last theorem. We say that the cycle L has positive orbital 
stability, or simply, orbital stability from outside if for every e > o 
there exists a 6 € > o such that every positive half-trajectory origi¬ 
nating at a point outside of L and at a distance less than 6 e from L 
remains at a distance less than e from L. 

THEOREM ha. Under the conditions of the previous theo¬ 
rem there exists a cycle of system ( 1 . 1 ) for a = a 1 

which is orbitally stable from outside. 

PROOF. As before, we denote by L(a) the cycle of ( 1 . 1 ) stable 
from outside and enclosing all other cycles for that a. We denote by 
the set of points covered by these cycles for a in a Q <a<o 1 ;i.e., 

- U^Ca), a in a Q < ot < o 1 . Ry Theorem 3, is an annular region 

whose inner boundary Is L(a Q ). From the proof of Theorem 4, we observe 
that there must, for a * a,, be a cycle L(a, ) exterior to L(a Q ). By 
Theorem 2, this cycle L(a 1 ) can have no points in . Let e > 0 be 
given, and suppose R is a point exterior to L(a 1 ) on a a 1 -transversal 
intersecting L(q^ ) at S and such that r + (R, a 1 ) intersects this 
transversal for the first time after R at R 1 - We also suppose that the 
region bounded by L(a 1 ), r(R, R 1 , ) and RR, is free of critical 

points, and is within a distance of £ of L(a, ). Suppose first that R 1 
Is either identical with R or between R and S; It clearly follows 
that in this case L(a 1 ) Is orbitally stable from outside, and there is 
nothing more to prove. 

Hence suppose R Is between R 1 and S on the transversal. 

Then for c Q > o and sufficiently small, r + (R, - c Q ) intersects the 

transversal at R Q such that R is again between R Q and S. Consider 

the negative half-trajectory r_(R, a 1 - € Q ); since R Is exterior to 
L(a 1 - € Q ), the limiting set of this half-trajectory must either be 
L(a 1 - £ 0 ), or a cycle L 1 (a 1 - 6 Q ) exterior to L(a 1 - £ Q ). But each 
possibility contradicts the definition of L(a, - c Q ), since the first 
suggests that this cycle Is unstable from outside, and the second, that 
L(a 1 - £ q ) does not enclose all other cycles for a » a 1 - « Q . 

This completes the proof of the theorem. 

2. AH EQUATION FOR RELAXATION OSCILLATIONS 

We now consider the system 

A - y, f m - g(x) - f(x, y)y 


( 2 . 1 ) 
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where f(x, y) and g(x) satisfy Lipschitz conditions in every bounded 
domain of the phase plane. We also assume that: 

(i) xg(x) > o for x 4 o, and G(x) —> » as 
|x| —■> * where G(x) - g(s) ds; 

(ii) f(o, o) < o, f(x, y) > - M for some constant 
M; 

(iii) there exists a constant n > o and function 
h(y) continuous on - 00 < y < + 00 such that 
f(x, y) > n G(x) - h(y) for all x and y; 

(iv) there exist numbers a < 0 and b > 0, and 
continuous solutions y Q (x) and y^x) of 
the equation f(x, y)y + g(x) * o such that 
for x < a, y Q (x) > o and strictly increasing, 
while for x > b, y,(x) < 0 and strictly in¬ 
creasing, and such that for these values of x, 
there is no solution y of this equation such 
that |y| < |y ± (x)|, i * o, i; 

(v) there exists a point (x^ y 1 ) on the line 
y = y Q (a) + M 1 (x - a) such that for x > x 1 
all points (if any) on the graph of 
f(x, y)y + g(x) = o which are above the 
x-axis lie above this line; there exists a 
point (x 2 , y 2 ) on y = y,(b) + M 2 (x - b) 
such that for x < x 2 all points (if any) 
on the graph of this equation and below the 
x-axis lie below this line; here 

M. = M + max [- g(x)/y (a)] , 

a<x<° 

M p = M + max [- g(x)/y.(b)] 
d o<x<b 1 

REMARK. The following set of conditions imply the conditions (iv) 
and (v) above: 

(iv 1 ) there exist positive numbers a and b such that 
for (x, y) in R, U R 2 , where R 1 is defined 
by x < - a, 0 < y < b, and R 2 by x > a, - b < y < 0, 

O ? x , g'(x) exist; 

2) b - min (yf + f) f > |g| ; 

Jy|<b 7 J 

gf x 

3) - HT* + S f < 0 > 
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(v») if we assume, without loss of generality, that 

h(y) > o for all y, then there exists a positive 
number c such that for |y| > c, 
yx(y) < y 2 Cmax (M 1 , M g ) + c]" 1 ; here x(y) is the 
unique solution of nG(x) * h(y) for which 
yx(y) > o for all y / o, M 1 and M g are as de¬ 
fined in (v) above, and e > o is an arbitrary 
constant. 

We first show that (iv*) implies (iv). Suppose (x, y) is In 
R,, then clearly F(x, o) * g(x) < 0, where yf(x, y) + g(x) * F(x, y). 
Also for fixed x, F(x, b) - F(x, a) = bF y (x, 5 ), 0 < | < b. Hence 
F(x, b) « g(x) + b(Sf y (x, 6) + f(x, i)) > g(x) + |g(x)| * o and we con¬ 
clude that there exists y Q = y Q (x), 0 < y Q < b, such that 
y Q f(x, y Q ) + g(x) = 0. By 2), F y > 0; hence y Q (x) is unique in R 1 , 
has a derivative given by 


V'fx) - yf * + 8 ' . 

y 0 (x; ” - yf y + £ * 

and, by 3), y£(x) > o. 

By applying a similar argument to R g , a solution y^x) of 
F(x, y) = 0 is obtained In this region for which yj (x) > o. Hence we 
have condition (iv). 

To show that (v 1 ) implies (v), we supposed that y > o, and have, 
by virtue of (ill), that F(x, y) > y(nG(x) - h(y)) + g(x), where F(x, y) 
Is defined as above. Then if x > x(y) and y > o, we have F(x, y) > 
g(x) > 0. However, since y > Mx(y) whenever y > c, where 
M * maxCM^ M g ) + e, we see that for y > c the curve x = x(y) must 
lie above the line y = Mx, and must therefore Intersect the line 
y - b * M 1 (x + a) at some x * c 1 > c and remain above It for x > c 1 . 

A similar argument shows that the region y < 0, x < x(y) can 
contain no solutions of F(x, y) = o, and that Its right boundary, the 
curve x = x(y) for y < o, intersects the line y + b = M g (x - a) at 
some x ® — Cg < — c, and remains below it for x < - c g . Thus we see 
that (v 1 ) implies (v). 

We now show that the special case 

f(x ’ ■ Tfr+1 ■ 

g(x) * j satisfies conditions (I) - (iii), (iv 1 ) and (v'). Conditions (i) 
and (id) are obviously satisfied. For condition (Iii), we take n - i, 
and h(y) * 2|y| + 2; we must then have - (|y| + i) > (|y| + i )x 2 - 
2(|y| + i) 2 . Regarded as a quadratic inequality in x 2 for each fixed y, 
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this will be satisfied provided (|y| + l ) 2 < 4[2(|y| + O 2 - (|y| + i)] 
for all y, which is certainly the case. We find that 




if a * 2, b * i, we have clearly that 


(|jrl+ir 


i > 


> Isi 

2 


for 


> 2 


moreover, 


--- 5 - - 1 > i for | x | >2 . 

(|y|+i ) a 

We also see that for |x] >2, |y| < 1, 

yf v + g' * — ^ — + — <- 2 +-<o for y = - g/f . 

|y| + i 2 2 

Hence all parts of (lv* ) are satisfied. 

Next, the equation nG(x) = h(y), or in this case, x 2 * 2|y| + 2, 
has the solution x(y) = + (2|y| + 2)^ where we take the + sign for 
y > 0, and the - sign for y < 0. Clearly, in this case, corresponding 
to any positive constant k there exists a number c * c(k) such that 
yx(y) < ky 2 for each y such that |y| > c. We thus see that condition 
(v 1 ) is satisfied. 

We now state and prove the following theorem. 

THEOREM 5« Under conditions (i) - (v) listed above, 
there exists a cycle of system (2.1) stable from in¬ 
side, and a cycle orbitally stable from outside (in 
the sense of the definition immediately preceding the 
statement of Theorem 4a). These cycles need not nec¬ 
essarily be distinct. 

PROOF. Consider the system 

(2.2) x * y, y * - g(x) - F(x, y, a)y , 

where F(x, y, a) * - a(x 2 + y 2 ) + f(x, y)y. It is easily seen that for 
this system, condition (A) of Part 2 is satisfied. In fact, the set of 
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cr-stationary points is the x-axis with the origin, the only critical point 
of ( 2 . 2 ) as well as ( 2 . 1 ), removed. Suppose that the finite arc defined 
in c < t < d of some trajectory intersects the x-axis for t * t^, 
i * 1 , 2, ... such that the points x(tj,) have a limit point x Q / 0 

corresponding to t * t Q . We may clearly assume that t 1 -> t Q . By 

definition, y(t^) ■ 0 , i * 1 , 2 , hence there exists a sequence 

^-> t Q such that yUj^) * 0 , i * 1 , 2 , ... . Suppose for some i, 

x(ft^) * 0; then the arc clearly contains a critical point, the origin, 
which is impossible. Hence for each i, i 0 . But this, together 

with yU^) * 0 , implies that the slope of the arc at the point correspond 
ing to t * must be zero. Since this slope is continuous in t, it 
follows that the slope of the arc at (x Q , 0 ) is zero. This is impossible 
and we conclude that any finite arc of an arbitrary trajectory of ( 2 . 2 ) can 
intersect the x-axis at no more than a finite number of points. Condition 
(B), then, is also satisfied, and we may use the results of the previous 
section. 

We first observe that for each a < 0 , system ( 2 . 2 ) has a cycle 
stable from outside. For in this case, we may find a constant c 1 large 
enough so that F(x, y, a) > 0 on the closed curve y 2 - 2G(x) = c 1 and 
this implies that this closed curve is an outer Bendixson curve, in the 
sense that trajectories which meet it, pass inside it as t increases; 
cf. Levinson and Smith, [ 2 ]. Similarly for c 0 > 0 sufficiently small, 
F(x, y, a) < 0 on the closed curve y + 2G(x) = c 2 ; i.e., this curve is 
an inner Bendixson curve. Hence for each a < 0 the existence of a cycle 
stable from outside follows. 

Our theorem will clearly follow from Theorems 4 and 4a if we show 
that there exists a closed curve bounding the region covered by the cycles 
L(a) of ( 2 . 2 ) for a Q < a < 0, for any fixed a Q < 0. To this end, we 
first show that If 




max 


(x,y) on L(a) 


|y| 


then y m is bounded independently of a. We will show this only for 
y > 0; the proof for y < 0 is entirely similar. 

Consider any half-trajectory r + (R) of system ( 2 . 1 ) where R Is 
a point (x Q , 0 ) such that x Q < a. Define r(R, S) to be r + (R) in 
case r + (R) has no points other than R in common with the x-axis; if 
r + (R) has the point S in common with the x-axis, we define r(R, 3) 
to be the finite arc of r + (R) from R to S. We may clearly assume that 
R and 3 are the only points common to r(R, 3) and the x-axis in this 
last case. We show now that all positive ordinates of r(R, 3) are less 
than y 1 where (x 1# y 1 ) is the point defined in condition (v). We 



ROTATED VECTOR FIELDS 


137 


observe first that for x Q < x < a, the arc r(R, S) must have positive 
slope wherever it intersects the curve y ■ y Q (x); but this is Impossible 
since on y * y 0 (x) any trajectory of ( 2.1 ) has zero slope. We thus con¬ 
clude that r(R, S) must be bounded above by y * y Q (x) on x Q < x < a. 

Now consider the equation y - y(x) of r(R, S) for x > a. 
Clearly y'(x) * - g(x)/y(x) - f(x, y(x)). If y - y(x) intersects the 
line y ■ y 0 (a) + M 1 (x - a) at x « x^ then we must have y'ta^) > M^j 
but we also have 

y 1 ^) <max " [g(x)/y 0 (a)J + M < M 1 , 

which leads to a contradiction. Hence r(R, S) cannot pass above this 
line for x > a. 

We now show that the slope of r(R, S) at (x^ y,) is nega¬ 
tive. If not, it must be positive, since the point (x^ y 1 ) cannot lie 
on the curve f(x, y)y + g(x) ■ 0; cf. condition (v). Now from conditions 
(i) and (iv) there exists a positive x g > x 1 such that f(x 2 , y 1 ) > 0. 
Hence f(x 2 , y 1 )y 1 + g(x g ) > 0 , and we conclude that the slope of the tra¬ 
jectory at (x 2 , y 1 ) is negative. But this implies that the slope of the 
trajectory at any point (x 2 , y) below the line y = y Q (a) + M 1 (x - a) and 
above the x-axis must be negative; for if not, there exists a point (x 2 , y 2 ) 
below the line and such that f 2 > at which the slope of trajectory is 

zero, which in turn implies that f(x 2 , y 2 )y 2 + g(x 2 ) = 0. This is im¬ 
possible by condition (v) and we conclude that the slope of r(R, S) at 
x = x 2 , if defined there, must be negative. Since we had assumed the slope 
of r(R, S) to be positive at x = x^ there must be a value of x in 

x 1 < x < x 2 at which r(R, S) has zero slope, again a contradiction with 

condition (v). It follows that the maximum ordinate on r(R, S) is bound¬ 
ed by y 1 . 

We now turn to system ( 2 . 2 ) and show that if a < 0 , then 
y(a) < y.,, where y(a) is the greatest ordinate on the cycle L(a) en¬ 
closing all others for that value of a. Suppose the cycle L(a) crosses 

the negative x-axis at x Q (o) and consider the trajectory of system ( 2 . 1 ) 
containing the point (x Q (a) + a, 0 ). For y > 0 , L(a) must clearly re¬ 
main under this trajectory, since all points for which y > 0 are 
o-rotation points for any a, and if L(a) were to have a point in common 
with this trajectory, its slope at that point must be less than that of the 
trajectory there. However, the ordinates of the trajectory are bounded by 
y 1# and we therefore conclude that the ordinates of L(a) are also bound¬ 
ed by y 1 . 

As was previously asserted, the details of the proof that y 2 of 
condition (v) is a lower bound of the ordinate of L(a) will be omitted, 



138 


SEIFERT 


as they follow along the same lines as above. 

We now show that a bound on |y| for (x, y) on L(o) Implies 
that L(oO must be contained in a region bounded independently of a for 
cl q < a < 0. If x * x(t, a), y » y(t, a) define L(a) parametrically, 
then these functions satisfy 

(y 2 /2 + G(x)) - (or 2 - f (x, y)^y 2 

< - (f(x, y) - nG(x) + (iy 2 /2 + uG(x) 

- uy 2 /a)y 2 

< - ny 2 (y 2 /2 + o(x)^ + (h(y) + iiy 2 /2^br 2 


Hence, 

(y S /2 + G(x)^ + tiy 2 (y 2 /2 + G(x)^< y 2 H 

where 

y * max (|y..|) and H =* max (h(y) + ny 2 /2 ) . 

i- 1,2 |yI<y v ' 

Multiplying this last Inequality by 

t 

E Q (t, a) * exp [ y 2 (s, a)ds , 

where t Q is arbitrary, and integrating from t Q to t Q + T where T is 
the period of the functions x(t, a) and y(t, a), we obtain 

[y 2 (t 0 » a)/2 + «))](E 0 (t 0 + T, o) - 1 ^ 

< H^E 0 (t Q + T, a) - 1^/u ; 

and since E 0 (t Q + T, o) > 1, we obtain y 2 (t Q , a)/2 + G(x(t Q , a)) < H/ti. 
Since H Is independent of a, and t Q is arbitrary, it follows that 
every point on L(a) is within the region bounded by the curve 
y 2 + 20(x) * 3H/*i. This completes the proof of the theorem. 
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VIII. A SURVEY OP LYAPUNOV*S SECOND METHOD 
H. A. Antosiewicz 


Lyapunov’s second method, as it was called by Lyapunov himself 
in his dissertation [i 3 ]> has in recent years become an important tool in 
the stability theory of solutions of ordinary differential equations. 

This paper is a survey of its development to date. More specifically, the 
present paper brings together in one place, and relates to one another, 
criteria for various types of stability that are based upon considerations 
of certain gauge functions, which have come to be known in the literature 
as Lyapunov functions. All results are formulated in n-dimensional 
Euclidean space although most hold, with minor modifications, in general 
Banach spaces. For the sake of completeness, the majority of theorems is 
stated with complete proofs. 

No attempt has been made to Include in this paper the large number 
of available results concerning stability in the first approximation as 
well as criteria for instability. A treatment of these and related questions 
is contained in [ 21 ]. A discussion of open problems in the area of sta¬ 
bility theory may be found in [5], [ 28 ]. 

The paper is divided into four parts: I. Definitions; II. 
Stability; III. Asymptotic Stability; IV. Boundedness and Asymptotic Sta¬ 
bility in the Large. 


I. DEFINITIONS 

1 . Throughout the sequel the basic differential equation will be 
x = f(t, x) 

where f(t, x) ir a function with values in Euclidean n-space R n which 
is defined and continuous on some set IxS* {(t, x) € R x R n | t>T>o, 
||x|| < r). It is assumed that f(t, x) is sufficiently smooth on IxS 
such that, given any (t Q , x Q ) e IxS, there exists for all t > t Q a 
unique solution in S, x - F(t, t Q , x Q ), which depends continuously upon 
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(t Q , x Q ) and equals x Q at t Q . Moreover, x » o will always be 
supposed to be a (trivial) solution so that f(t^ o) = o on I. 

DEFINITION 1. The solution x * 0 is said to be 

(l.1) stable [ 13 ]s if given any e > o and any t Q e I 
there exists a 5(e, t Q )>o such that HxJI < 6 
implies ||F(t, t Q , x 0 )|| < € for t > t Q . 

(1•2) uniformly stable [35]: if given any c > 0 there 
exists a 5(c) > o such that t Q c I, hxJi < 5 
imply ||F(t, t Q , x Q )|| < c for t > t Q . 

( 1 . 3 ) quasi-asymptotically stable: if given any t Q c I 

there exists a 6(t Q ) > 0 such that ||x 0 H < 6 
implies F(t, t Q , x Q ) -> 0 as t -> 00 . 

(1.4) asymptotically stable [ 13 ]: if it is both stable 
and quasi-asymptotically stable. 

(1.5) quasi-equiasymptotically stable: if given any t e I 
there exists a B(t Q ) > 0 such that |jx Q |j < 8 

implies F(t, t Q , x Q ) -> 0 as t -> 00 uniformly 

on ||x 0 li < 5. 

(1.6) equiasymptotically stable [24]: if it is both stable 
and quasi-equiasymptotically stable. 

(1.7) quasi-uniform-asymptotically stable [253: if there 

exists a 5 Q > 0 such that t Q e I, |,x || < 5 Q imply 
F(t, t Q , x Q ) -> 0 as t --> 00 uniformly on 

t 0 « I, lix o ll < 8 0 . 

( 1 . 8 ) uniform-asymptotically stable [353: if it Is both 
uniformly stable and quasi-uniform-asymptotically 
stable. 

( 1 . 9 ) exponential-asymptotically stable [ 15 ]: if there 
exists a \ > 0 and, given any c>o, a5(c)>o 
such that t Q c I, |]x 0 ii < 5 imply 

||F(t, t Q , x 0 )|| < c exp[- x(t - t Q )] for t > t Q . 

It is clear that exponential-asymptotic stability implies uni¬ 
form-asymptotic stability which, in turn, implies all other types of sta¬ 
bility. Furthermore, the following implications, among others, hold: 

(l .7) —>(l .5) —*>(1 . 3 ), 

(1 .6) —>( 1 .4) —>(1 .1 ), 


0 . 2 ) —>( 1 . 1 ) 
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If f(t, x) is lipschitzian on some set I x H, HC S, for a 
function k(t) > o, which is defined and piecewise continuous on I, ( 1 . 5 ) 
implies ( 1 . 6 ). 

If f(t, x) is lipschitzian on some set I x H, HC 3, for a 
constant k > 0 , ( 1 . 7 ) implies ( 1 . 8 ), [ 25 ]. 

If f(t, x) is independent of t or periodic in t on I x 3, 
( 1 . 1 ) Implies ( 1 . 2 ) and (i.4) implies ( 1 . 8 ), (cf., e.g., [ 25 ]). 

If f(t, x) is linear in x on I x 3, ( 1 .4) Implies ( 1 . 6 ) and 

( 1 .8} implies ( 1 . 9 ), [24], [ 25 ]. 

Finally, if f(t, x) is scalar, (1.4) implies ( 1 . 6 ), [24]. 

For examples illustrating some of these relations among the 
various types of stability, we refer to [ 25 ]* 

2 . Let V(t, x) be a real scalar function, defined and locally 
lipschitzian on some set I Q x S Q = ((t, x) € R x R n | t > T Q > 0, 

||x|| < r Q ], and such that, given any x € S Q , V(t, x) Is continuous on 
I Q , and V(t, 0 ) b 0 on I Q . 

In what follows, It will be assumed throughout that S Q n 3 con¬ 
tains a neighborhood N of x - 0, say N - (x € S Q fl 3 | ||x|| < p), 

where p > 0 is some fixed constant, and that I Q fl 1= I* [T, «), T > 0. 

V(t, x) is said to be positive definite on I x N if given any 

€ , 0 < € < p, there exists a n(e) > 0 such that V(t, x) > p for t € I, 

e < ||x|| < p. Similarly, V(t, x) is said to be negative definite on 
I x N if - V(t, x) is positive definite on I x N. 

Corresponding to V(t, x) we define on I x N the function 

V'(t, x), 

V'(t, x) * Urn (i/h) {V(t + h, x + hf(t, x)) - V(t, x)), 
h —> 0 + 

which is said to be the generalized (upper right-hand) total derivative of 
V(t, x) by virtue of the equation x * f(t, x), [39]• 

LEMMA 1. If (t Q , x Q ) e I x N, the upper right-hand 

derivate of V(t, F(t, t Q , x Q )) at t - t Q equals 

V'(t 0 , X Q ). 

The proof is trivial and therefore is omitted. 

DEFINITION 2 . A real scalar function V(t, x) is 

said to be a lyapunov function on I x N for the 
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equation A * f(t, x) if it is defined, locally 
lipschitzian and positive definite on I x Nj if, 
given any xcN, V(t, x) is continuous on I and 
V(t, 0) s 0 on I; and if V* (t, x) < 0 on I x N. 

This terminology differs from that commonly used in the Russian 
literature. There a real scalar function V(t, x) is said to be a Lyapunov 
function on I x N if it is defined, of class C 1 , and positive definite 
on I x N, and if V*(t, x) is negative definite on I x N. Malkin and 
Moissejev [ 2 6 ] appear to have been the first to consider Lyapunov func¬ 
tions under less stringent regularity assumptions. 

The vector function f(t, x) is said to be on I x N of class 
C 1 with respect to x if, on I x N, f(t, x) is continuous and has con¬ 
tinuous first partial derivatives with respect to the components of x. 

LEMMA 2. If, on I x N, f(t, x) is of class C 1 with 
respect to x, there exists a topological mapping 
s = 0(t) of I to I* ■ [T*, oo), T* > o, which trans¬ 
forms dx/dt » f(t, x) into dx/ds * f*(s, x) such 
that Idf^fs, x)/dxJ <1 on I* x N, 1 < i, j < n. 

Moreover, if V(s, x) is a Lyapunov function on I* x N 
for the latter equation such that V T (s, x) is nega¬ 
tive definite on I* x N, W(t, x) = V(0(t), x) is a 
Iyapunov function on I x N for the former such that 
W’(t, x) is negative definite on I x N. 

PROOF. Let cp(t) be a real scalar function, defined and con¬ 
tinuous on t > 0 such that, for any x € N, Idf^t, x)/dxj| < <p(t) on 

I; 1 < ] < n i we may assume q>(t) > 1 on I and q>(t) -> *» with 

t. Define 0(t) * /£cp(u)du and let ¥(s) be its inverse function. The 
substitution s = 0(t) transforms the equation dx/dt = f(t, x) into 

& . . f.(s, x) 

ds q>(¥(s)) 

where f*(s, x) is defined and of class C 1 with respect to x on the 
set I* x N, I* * [0(T), »). Clearly, Idf^s, x)/dxj| <1 on I* x N, 

1 < i, j < n. 

If V(s, x) is a Lyapunov function on I* x N for dx/ds « 
f*(s, x) such that V'(s, x) is negative definite on I* x N, 

W(t, x) * V(0(t), x) has obviously the same regularity properties on I x N 
as V(s, x) has on I* x N; moreover, on I x N, W(t, x) is positive 
definite and W*(t, x) - q>(t )V* (0 (t), x). Thus, W(t, x) is a Lyapunov 
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function on I x N for dx/dt * f(t, x) such that W'(t, x) is negative 
definite on I x N. 

For the sake of completeness, we state without proof the follow¬ 
ing lemma due in its original formulation to Mas sera [2^], which will be 
needed later. 

LEMMA 3« Given any real scalar function g(t), de¬ 
fined and positive on every compact interval 

J C L * [0, oo), g(t) -> o as t -> «, and any 

real scalar function h(t), defined, of class C, 
positive, and non-decreasing on L, there exists for 
any integer k > o a real scalar function G(t), de¬ 
fined, of class C k , and increasing together with its 
first k derivatives on L, G^(o) - 0, 0 < i < k, 
such that for any real scalar function g*(t), defined 
and satisfying, on L, 0 < g*(t) < cg(t) for some 
constant c > o, the integrals 

00 

J G ( 1 ) (g*(t))h(t)dt, o < i < k , 

o 

converge uniformly in g*. 


II. STABILITY 

1. In 1892 Lyapunov [ 13 ] proved the following theorem. 

THEOREM 1. If there exists, on I x N, a Lyapunov 

function V(t, x), x * 0 is stable. 

PROOF. Given any €, 0 < c < p, there is a 11 (e) > 0 such 

that V(t, x) > n for t € I, c < ||x|| < p and, given any t Q c I, there 

is a 8 (t Q , O > 0 such that V(t Q , x) < m- on ||x|| <6. If ||x 0 || < 6, 

then ||F(t, t Q , x Q )|| < c for t > t 0 ; for, otherwise, ||F(t, t Q , x Q )|| « c 

at some time t * t' > t Q so that ii < V(t’, t Q , x Q )) < V(t Q , x Q ) < v, 
which is absurd. 

Lyapunov's original formulation requires V(t, x) to be of class 
C 1 on I x N. At the expense of restricting f(t, x) to be, on I x S, 
of class C 1 with respect to x, Persidskii [ 33 ]/ [3*0 obtained the 
following converse theorem. 

THEOREM 2 . If f(t, x) is, for some Integer k > 1 , 
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of class C k with respect to x on 1x3 and, for 
every x e 3, of class C k “ 1 on I and such that, 
given any (t Q , x Q ) e I x 3, F(t, t Q , x Q ) is con- 
tinuable to the whole of I, and if x » o is stable, 
there exists on some set J xN = {(t, x) | t > T 1 > T, 

||x|| <p), JxNCIxS, a Lyapunov function V(t, x) 
of class C k such that, for any compact interval 
K C J, V'(t, x) is negative definite on K x N. 

PROOF. By hypothesis, given any (t Q , x Q ) € I x S, F(t, t Q , x Q ) 
exists for all t € I and is in S; hence for any fixed T* c I, 

F(T', t, x) is of class C k on I x 3. Moreover, the i-th component, 

F i , of F(T’, t, x) satisfies dF^/dt + grad F^. f(t, x) * 0 on I x S. 

Let p > o be so chosen that given any e, 0 < € < p, and any 

t Q € I, there exists a 8(t Q , e)*> o such that ||x 0 || < 8 implies 
liF(t, t Q , x Q )|| < c for t > t Q , and let J x N = {(t, x) | t > T», ||x|| < p}. 

Then given any €, o < e < p, there is a 8*(e ) * B(T’, e ) > o such that 

l|F(T*, t, x)|| > 8* for t > T», e < ||x|| < P . 

Let P be a constant positive definite matrix and let Q(t) be 
a matrix, defined, of class C k on J, positive definite on every compact 

interval K C J, and such that f°° ||Q(t)|| dt < «. Put M(t) = P + /£ Q(u)du 

and define 

V(t, x) = (F(T’, t, x), M(t )F(T', t, x)) . 

Clearly, V(t, x) is of class C k on J x N; moreover, on JxN, V(t, x) 
is positive definite, and 

V'(t, x) = - (F(T*, t, x), Q(t)F(T', t, x)) . 

COROLLARY. If f(t, x) is linear in x on I x 3 
and if x * o is stable, there exists a real quadratic 
form in x, V(t, x), with coefficients that are func¬ 
tions of t of class C 1 on I such that V(t, x) 
is a Lyapunov function on I x 3 and such that, for 
every compact Interval J C I, V'(t, x) is negative 
definite on 'J x 3. 

Note that if f(t, x) is linear in x on I x S, then, given 
any (t Q , x Q ) « X x 3, F(t, t Q , x Q ) - X(t)X -1 (t Q )x 0 for all tel where 
X(t) is a non-singular (matrix) solution of the associated matrix equation. 

2. Persidskii [35], (cf., also, [ 27 ]), was the first to give 
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sufficient conditions for uniform stability. 

THEOREM 3* If there exists, on I x N, a Lyapunov 

function V(t, x) such that V(t, x) -> o with 

x uniformly on I, x * o is uniformly stable. 

The proof differs very little from that of Theorem l and there¬ 
fore is omitted. 

The following converse theorem is due to Kurzweil [ 12 ]. 

THEOREM 4. If, on I x S, f(t, x) is of class C 1 
with respect to x and such that, given any 
(t 0 , X ) e I x S, F(t, t Q , x 0 ) is continuable to 
the whole of I, and if x = 0 is uniformly stable, 
there exists on some set J x N = C (t, x) | t > T* > T, 

||x || <p), JxNCIxS, a Lyapunov function V(t, x) 

of class C 1 such that V(t, x) -> 0 with x 

uniformly- on J. 

For the proof we refer to [ 12 ]. 

A result similar to Theorem h was proved by Krasovskii [l1] under 
stronger regularity assumptions on f(t, x); his proof is based upon 
Barbasin's method of sections [ 2 ]. 

The next theorem due to Massera [ 25 ] generalizes an analogous re¬ 
sult of Lyapunov [ 13 ] concerning the uniform asymptotic stability of x « 0 
when f(t, x) is linear in x and independent of t on 1x3. 

THEOREM 5. If, on I x 3, f(t, x) is linear in 
x and independent of t and if x * 0 is stable, 
hence uniformly stable, then given any even integer 
m > 0 there exists a real algebraic form V(x) of 
degree m which is a Lyapunov function on I x 3. 

For the proof we refer to [ 25 ]* 

III. ASYMPTOTIC STABILITY 

1 . We begin with the following theorem. 

THEOREM 6. If there exists, on I x N, a Lyapunov 
function V(t, x) such that V'(t, x) is negative 
definite on I x N, x * 0 is stable; moreover, given 
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any t Q € I and any p 1 , 0 < p 1 < p, there exists 

a 8(t Q , p») > 0 and, given any x Q in ||x|| < 8 

and any €, o < c < p', there exists a T Q (t 0 , O > 0 

and a t,(t Q , x Q ) € [t Q , t Q + t q ) such that 

|F(V t Q , x 0 )|| < 6. 

PROOF. By Theorem 1, x » 0 is stable. Thus, given any p', 
o < p’ < p, and any t Q € I, there is a 6(t Q , p') > o such that 
||Xq|| < 8 Implies ||F(t, t Q , x Q )|| < p 1 for t > t Q . Given any e, 

0 < €*< p', there are constants n(c) > 0, v(e) > o such that V(t, x) > n, 
V'(t, x) < - v for t € I, e < ||x|| < p 1 . Let X(t Q , p’) ■ 
sup{V(t Q , x) | ||x|| < 8) and put T 0 (t Q , p‘, e) = x/v. 

Given any x Q in ||x|| < 8, either ||x Q || > e or not. In the 

first case, ||F(t, t Q , x Q )|| > € for some t > t Q . If c < ||F(t, t Q , x Q )|| < p' 

throughout [t Q , t Q + t q ] then V'(t, x) < - v on [ t Q , t Q + t q ] whence 

V p (t 0 + T 0 , t 0 , X 0 )) < V(t 0 , X 0 ) - VT 0 < 0 , 

which is absurd. Hence there is a t,(t 0 , x Q ) e (t Q , t Q + t q ) such that 

||F(t 1 , t 0 , x 0 )|| < €. If ||x 0 H < €, put t 1 - t 0 . Note that In either 

case VCt,, F(t,, t Q , x Q )) < V(t Q , x Q ). 

COROLLARY 1. If the hypotheses of Theorem 6 hold, 
given any t Q e I and any p 1 , 0 < p 1 < p, there 
exists a 8(t Q , p’) > 0 and, given any x Q in 
||x|| < 8 and any null sequence (e n ), o < e n < p', 
there exist a divergent non-decreasing sequence C t n ), 
t n > t Q , and a divergent sequence (t* n ), 

t'Jv p '' V 6 n ) > °' such that t n <t o* V n 
and ||F(t n , t Q , x Q )|| < c R , n - 1, 2, ... . 

PROOF. Given any P », o < P « < p, and any t Q c I, let 
8(t Q , p') > 0 and x(t Q , p') > o be as in the proof of Theorem 6. Given 
any null sequence (c n ), o < € Q < p', there are sequences (n n ), 
n n (€ n ) > 0, and {v n ), v n (€ n ) > 0, such that V(t, x) > u n , V 1 (t, x) < - v n 
for t c I, c n < ||x|| < p*. >ut T^^tQ, p», € n ) - x/v n . It follows from 
the proof of Theorem 6 that there is a sequence (t n ), t n > t n _,, such that 
l|F(t n , t Q , x Q )|| < € n , n - 1, 2, ... . Clearly, t Q < t n < t Q + 
let t' n (t 0 , p*, €,, ..., « n ) - Since {t n ) is non-decreasing it 

either diverges or converges to some t^ T < t # < «. In the latter case, 
the hypothesis that F(t, t , o) ■ o be unique would be violated; hence 
Ct n ) diverges, and so does obviously (t' n ). 
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COROLLARY 2. If the hypotheses of Theorem 6 hold and 
if V(t, x) is bounded on I x N, given any t Q e I 
and any p*, o < p‘ < p, there exists a 6(t Q , p 1 ) > o 
and, given any x Q in ||x|| < 6 and any e, o < c < p», 
there exists a *r(p', e) > 0, independent of t Q , and 

a MV x o> € [t o' t o + such that H p < t i^ V x o^ < €# 

For the proof replace, in the proof of Theorem 6, x(t Q , p’) by 
an upper bound of V(t, x) on I x N. 

The assumptions of Theorem 6 are not sufficient for the asymptotic 
stability of x * o, even when f(t, x) is restricted to be linear in x 
on I x N, [24], nor are they necessary. Indeed, asymptotic stability of 
x * o does not even imply the weaker requirement that there exist, on 
I x N, a Lyapunov function V(t, x) and a real scalar positive definite 
function U(t, x) such that V'(t, x) + U(t, x) --> 0 as t -> 00 uni¬ 

formly on p 1 < ||x|| < p 2 , for every positive p ]f p Q < p. This can be seen 
from a slight modification of an example in [24]. 

2. THEOREM 7. If f(t, x) is bounded on I x N and 

if there exists, on I x N, a Lyapunov function V(t, x) 

such that V 1 (t, x) is negative definite on I x N, 
x = 0 is asymptotically stable. 

PROOF. By Theorem 1, x = o is stable. Thus, given any p', 
o < p' < p, and any t Q € I, there exists a 6(t Q , p f ) > o such that 

||x 0 || < 5 implies ||F(t, t Q , x Q )|| < p‘ for t > t Q . 

If x = o were not asymptotically stable, there would exist a 
t q € I and a 5 In ||x|| < &(* 0 ) such that for some e, o < € < p ', and 

some divergent sequence I> we would have ||F(x n , t q , ft )|| » c. 

Let M > 0 be an upper bound of f(t, x) on I x N. Then ||F(t, t q , ft) - 
F(V V 5)11 < M |t - T n | for t > t q , n - 1, 2, ..., whence 

||F(t, t q , ft)|| > e/2 on J n * [x n - c/2M, T n + e/2M]j clearly, we may assume 

J n+i n J n * °' n “ 1 ’ 2 * •••» aud T 1 > T o + e / 2M * There exist constants 

n(e) > o, v (€) > o such that V(t, x) > n, V'(t, x) < - v, for t > T, 

e/2 < ||x|| < p'. Hence 

H < v(x n + e/2M, F(x n + e/2M, t q , ft)) < V(t q , ft) - vne/M , 

which is absurd for sufficiently large n. 

COROLLARY. If f(t, x) is independent of t or 

periodic in t on I x N, and if there exists, on 

I x N, a Lyapunov function V(t, x) such that 
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V* (t, x) is negative definite on I x N, x « o is 
uniform-asymptotically stable. 

The assumptions of Theorem 1, in general, do not even imply the 
equiasymptotic stability of x * o, [ 23 ], [24 ] • 

Theorem 7, which is due to Marachkov [ 23 ], generalizes Lyapunov's 
classical theorem [ 13 ] on asymptotic stability. Aside from more stringent 
regularity assumptions on the function V(t, x), Lyapunov assumes the hy¬ 
potheses of Theorem 6 and the further condition that V(t, x)-> 0 with 

x uniformly on I. These assumptions where shown by Persidskii [ 35 ] to 
be sufficient (cf. Theorem 13 ) and by Malkin [ 22 ] to be necessary (cf. Theo¬ 
rem 15 ) for the uniform asymptotic stability of x * 0 . Zubov, [42], 

[43], [44], proved, among others, criteria weaker than Lyapunov's theorem 
which are sufficient as well as necessary for the asymptotic stability for 
x - 0. These criteria are based on considerations of functions which are 
closely related to Lyapunov functions. 

The requirement that V(t, x) -> 0 with x uniformly on I 

is too restrictive to be Implied by the equiasymptotic stability, even 
when the hypotheses on V'(t, x) are weakened similarly as mentioned 
above, [24]. Yet, as Theorem 8, [24], shows, whenever f(t, x) is linear 
in x on I x N, the existence of a Lyapunov function satisfying a weak¬ 
er additional requirement does follow from the asymptotic stability of 
x * 0, which in this case is equivalent with equiasymptotic stability. 

THEOREM 8. If f(t, x) is linear in x on I x N 
and, for every x c N, of class on I for 

some integer k > 1 , and if x = 0 is asymptotically, 
hence equiasymptotlcally, stable, there exists a 
Lyapunov function V(t, x), defined and of class C k 
on I x N, such that V'(t, x) is negative definite 
on I x N. Moreover, V(t, x) has the property that, 
given any i, 0 < | < p, and any a > T, there are 
constants 0 < n < 5, and t(o, i) > a such 

that, for any sc [T, a] and any y in ||y|| < tj, 
the inequalities .t > t, v(t, x) < V(s, y) imply 

II*II < ft- 

PROOF. Since f(t, x) is linear in x on I x N, given any 
(t Q , x Q ) c I x N, we have F(t, t Q , x Q ) = X(tJX* 1 (t Q )x 0 where X(t) is 
a non-singular (matrix) solution of the associated matrix equation. Thus, 
for t c I, 


Ml . ||X(t)X -1 (T)F(T, t, x )|| < ||X(t)X -1 (T)|| ||F(T, t, x)|| . 
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Let g(t) * ||X(t)X -1 (T)||; by hypothesis, g(t) is defined on I and 

g(t)-■> o as t-> It follows that, given any e > o, there exists 

a n(e) > 0 such that ||F(T, t, x)|| > n for t > T, ||x|| > €; moreover, 
||P(T, t, x)|| -> * with t uniformly in x on ||x|| > | for every i > o. 

Let G(t) be the function associated with g(t) and h(t) a 1 
by Lemma 3, let 0(t, x) * ||F(T, t, x)||, and define 


V(t, x) = 


J G^g(s)0(t, x)\is + J G^g(s)0(t, x)^ds 
T t 


k 

According to Lemma 3> V(t, x) is defined and of class C on I x N. If 
t > T, ||x|| > €, then 0(t, x) > ji and hence 


V(t, x) > 


J G^g(s)0(t, x)^ds > 
T 



so that V(t, x) is positive definite on I x N. Given any (t Q , x Q ) € I x N, 

00 00 

v(t, P(t, t 0 , x Q )) = J G^g(s)0(t o , x Q )^ds + J a(g(s)0(t o , x Q )) . 

T t 


whence 

t, F(t, t Q , x 0 )) = - o(g(t)0(t o , X 0 )j . 

Thu 3 , on I x N, V'(t, x) = - G(g(t)0(t, x)) < - G(||x||) so that V' (t, x) 
is negative definite on I x N. 

Given any 5, 0 < 6 < p, and any a > T, let r\ « i and choose 
t( a, |) > a so large that if u € [T, a] and y in ||y|| < I, then 
t > t and 

00 

2 { 

imply ||x|| < Clearly, this is always possible. Hence, if u € [T, a) 
and y in ||y|| < then the inequalities t > t, V(t, x) < V(u, y) imply 
IIx|| <|, for 

00 00 
J C*(g(s)0(t, x)\s < V(t, x) < V(u, y) < 2 J G^g(s)0(u, y))ds . 

T T 


G^g(s)0(u, y)^ds > £ G^g(s)0(t, x)^ds 
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The next theorem due to Massera [ 25 ] shows that the hypothesis 
on f(t, x) in Theorem 7 can be omitted at the expense of restricting 
V'(t, x) further. 

THEOREM 9* If there exists, on I x N, a real scalar 
function V(t, x), locally lipschitzian and positive 
definite, and if there exists a real scalar function 
W(t), defined, continuous and increasing for t > 0 , 

W(o) a 0 , such that V'(t, x) < - W(V(t, x)) on 
I x N, x - 0 is asymptotically stable. 

PROOF. By Theorem 1, x * 0 is stable. Hence, given any p', 

0 < p' < p, and any t Q e I, there exists a 8(t Q , p') > 0 such that 
IIx Q || < B Implies ||F(t, t Q , x Q )|| < p' for t > t Q . 

Since V'(t, F(t, t Q , x Q )) < - W(V(t, F(t, t Q , x Q ))) for t > t Q , 

f mb < - ^ - V 

V(t Q ,x 0 ) 

and hence V(t, F(t, t Q , x Q )) -> 0 as t -> ®. Thus, F(t, t Q , x Q ) —> 

as t -> ». 

3. The next two theorems concern sufficient conditions for the 
equiasymptotic stability of x = 0 . Theorem 10 is due to Massera [ 2 ^]. 
Theorem 11 was originally stated by Malkin [ 18 ] who merely proved sta¬ 
bility; in this foiroulation, Theorem 11 follows as a corollary from theo¬ 
rems on stability given earlier by Halikoff [8], [ 9 ]. Massera [24] ex¬ 
tended Malkin's proof to yield equiasymptotic stability. 

THEOREM 10. If there exists, on I x N, a Lyapunov 
function V(t, x) such that V'(t, x) is negative 
definite on I x N, and if V(t, x) has the further 
property that, given any I, 0 < § < p, and any 
a > T, there are constants ^U), 0 < tj < t, and 
t( a, |) > a such that, for any s € [T, a] and 
any y In ||y|| <? j\, the Inequalities t > t, 

V(t, x) < V(s, y) imply ||x|| < i, then x * 0 is 
equiasymptotically stable. 

PROOF. By Theorem 6, x * 0 is stable and, given any p', 

0 < p* < p, and any t Q € I, there exists a B(t Q , p') > 0 and, given 
any x Q in ||x|| < 8 and any t), 0 < t\ < p', there exist constants 
»(t 0 , T|) > 0 and t' e [t 0 , t 0 + a) such that ||P(t', t Q , x Q )|| < v Let 
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e be given, o < c < p', and let r| - tj(«) < e, r(t 0 , c) > t Q + a be the 
constants corresponding to e and t Q + a according to the hypothesis. 

Then V(t, F(t, t Q , x Q )) < V(t', P(t', t Q , x Q )) for t > t' and, a 
fortiori, for t > t whence ||F(t, t Q , x Q )|| < * for t > t. 

Theorem 8 states that, If f(t, x) Is linear in x on I x N, 
the assumptions of Theorem 1 o are also necessary for the equlasymptotic 
stability of x = 0 . 

Theorem 11 below shows that the hypothesis on V'(t, x) in 
Theorem 10 can be weakened at the expense of requiring that V(t, x) —> 0 
with x uniformly on I. 

THEOREM 11 . If there exist, on I x N, real scalar 
positive definite functions U(t, x), V(t, x) such 

that V(t, x) is continuous on I x N, V(t, x) --> 0 

with x uniformly on I and V'(t, x) + U(t, x) -> 0 

as t -> oo uniformly on p 1 < ||x|| < p g for every 

positive p 2 < p, x = 0 is equiasymptotically 

stable. 

PROOF. Given any non-increasing null sequence ( 7 n ), 0 < 7 n < pf 
let n n ( 7 n ) = inf {V(t, x) | t > T, ||x|| = 7 n ) and *- n (7 n ) * sup {V(t, x) | 
t > T, ||x|| < 7 n ); clearly, n n > o, 0 < < 00 a and V(t, x) - im¬ 

plies t > T, P n < ||x|| < 7 n for some 0 n (7 n ) > o. There exist constants 
a n (r n ) > °* v n^ r n^ > 0 3UCh that < ^n for t > T > Ml < a n and 

U(t, x) > 2v n for t > T, a n < ||x|| < p; clearly, a n < < 7 n' More “ 

over, there exists a divergent sequence (i n ), *f n (7 n ) > T * 3UCl1 

V»(t, x) + U(t, x) < v n for t > T n , ct n < ||x|| < y y , i.e., V' (t, x) < 

- v n for t > t n , a n < ||x|| < 7 1 j without loss of generality we may assume 

T n +2 > T n +1 + X n/ V n+ 1 ' n = i, 2 , ... . 

By the hypothesis concerning the continuous dependence of 
F(t, t Q , x Q ) upon (t Q , x Q ), given any t Q > T, there exists a 
&( 7 i> t Q ) * 6*1^, t Q ) > 0 such that ||x 0 || < & implies ||F(t, t Q , x Q )|| < a } 
on [t Q , t Q + t^ ] • Then ||F(t, t Q , x Q )|| < for t > t Q + for, 

otherwise, ||F(t, t Q , x Q )|| « 7 , at some time t - t 1 > t Q + t, which Im¬ 

plies V(t», F(t', t Q , x Q )) > [l } . Since by construction V(t Q + t,, 

F(t 0 + Tj, t Q , x Q )) < there exists a t" c (t Q + t 1 ] such that 
V(t", F(t", t Q , x Q )) « n 1 whence < ||F(t", t Q , x Q )|| < and 
V'Ct", F(t M , t Q , x Q )) < - v,, which is absurd. This proves the stability 
of x ** 0 . 

Now, either ||F(t Q + t 2 , t Q , x Q )|| < a 2 or not. In the first 
case, we can conclude by an argument similar to the one above that 
||F(t, t Q , x 0 )|| < 7 2 for t > t Q + t 2 . If, on the other hand, 
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||P(t Q + t 2 , t Q , x Q )|| > o 2 , there exists a tg c Jg - [t Q + tg, t Q + tg + 
j^/vg] such that ||F(t 2 , t Q , x Q )|| < a 2 ', for, otherwise, o 2 < ||F(t, t Q , 
x Q )|| < r, throughout J g whence V'(t, P(t, t Q , x Q )) < - v 2 throughout 
J 2 slid V(t 0 +Tg+x,/» a , F(VT 2+ \ 1 /vg,t 0 ,x 0 )) < V(t 0+ T 2 ,P(t 0+ Tg,t 0 ,x 0 )) - 
x 1 < 0, which is absurd. Again, by an argument similar to the one above, 
||F(t, t 0 , x Q )|| < 7 g for t > t 2 and hence, a fortiori, for t > t 0 + 
t 2 + X^Vg. T 1 ™ 3 ' 1x1 ^ case > ||F(t, t Q , X 0 )|| < 7 2 f° r t + t 3 * 

Continuing this way, we conclude that ||F(t, t Q , x Q )|| < 7 n for t > t Q + 
T n+i * n * 1, 2, • 

REMARK. Note that {^3 is independent of t Q ; it depends 
solely upon { 7 n ) and the functions U(t, x), V(t, x). 

COROLLARY. If f(t, x) is lipschitzian for some 
constant k > o on I x N, and if the hypotheses 
of Theorem 11 are satisfied, x = o Is uniform- 
asymptotically stable. 

The proof parallels that of Theorem 11. Observe that by the hy¬ 
pothesis on f(t, x), given any (t Q , x Q ) e I x N, ||F(t, t Q , x Q )|| < 

IIx Q ||exp k(t - t Q ) for t ;> t Q . 

In view of the corollary, the assumptions of Theorem 11 are not 
necessary for the equiasymptotlc stability of x = o, even when f(t, x) 

Is linear in x on I x N. 

The next theorem may, in certain cases, be easier to apply than 
the foregoing Theorems 10 and 11. 

THEOREM 12. If x * 0 Is uniformly stable and if 
there exists, on I x N, a Lyapunov function V(t, x) 
such that V’(t, x) is negative definite on I x N, 
x ■ o Is equiasymptotically stable. 

PROOF. Clearly, the quasi-equiasymptotic stability of x * 0 
needs only to be proved. 

Let a positive constant p' < p be so chosen that given any c, 

0 < € < p ! , there exists a 8(c) > 0 such that t Q € I, ||x 0 || < & imply 
||F(t, t 0 , x 0 )|| < € for t > t 0 , and let e 0 - e(p'). By Theorem 6, 
given any t Q e I and any x Q In ||x|| < 6 Q , there exists a t(t 0 , e) > o 
and a t' e [t Q , t Q + t] such that ||P(t*, t Q , x Q )|| < 6(c). Hence 
l|F(t, t Q , x 0 )|| < e for t > t' and, a fortiori, for t > t Q + t. 

4. The theorems that follow concern the uniform-asymptotic sta¬ 
bility of x » o. Theorem 13 Is Lyapunov's classical theorem on asymptotic 
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stability, [I3l, as formulated by Persidskii [ 27 ], [ 31 ]* [ 32 ], [35]• 

THEOREM 13 * If there exists, on I x N, a Iyapunov 

function V(t, x) such that V(t, x) -> 0 with x 

uniformly on I and V'(t, x) is negative definite 
on I x N, x » 0 is uniform-asymptotically stable. 

PROOF. *By Theorem 3> x - 0 is uniformly stable. Thus, given 
any p’, 0 < p’ < p, there exists a 6(p’) » 5 Q > 0 such that t Q c I, 
l|x 0 H < 8 q imply ||P(t, t Q , x Q )|| < p’ for t > t Q . Given any e, 0 < c < p», 
there exists a 5(c) > 0 and, by Corollary 2 to Theorem 6, given any x Q 
in ||x|| < 5 q there exist constants t(p’, 5(c)) = t*(c) > 0 and 
t' c [t Q , t Q + x*) such that l|P(t’, t Q , x Q )|| < 8(c). Therefore, 
llF(t, t Q , x Q )|| < c for t > t' and, a fortiori, for t > t Q + t*. 

The severity of the assumptions in Theorem 13 la illustrated by 
the following, theorem. 

THEOREM If V(t, x) is a Lyapunov function on 

I x N such that V(t, x) -> 0 with x uniformly 

on I and V’(t, x) is negative definite on I x N, 
then given any constants p’, p", 0 < p" < p' < p, 
there exist constants X. (p 1 , p") > 0, v(p") > 0 such 
that W(t, x) = exp(xt)V(t, x) satisfies W*(t, x) < - v 
for t > T, p" < ||x|| < p'. 

The proof is trivial and therefore is omitted. 

The next theorem due to Malkin [ 22 ] is a partial converse to Theo¬ 
rem 13 . In Malkin’s original formulation the first order partial deriva¬ 
tives of f(t, x) with respect to x are required to be bounded on I x N. 

THEOREM 15. If f(t, x) is, for some Integer k > 1, 
of class C k with respect to x on I x N and, for 
every x c N, of class C k ^ on I, and If x * 0 
is unifoiro-asymptotically stable, there exists on some 
set I x M, M C N, a Lyapunov function V(t, x) of 
class C k such that V(t, x) -> 0 with x uni¬ 

formly on I and V’(t, x) is negative definite on 
I x M. 

PROOF. By Lemma 2, we may assume without loss of generality that 
|df^(tj x)/dxj| <1 on I x N, 1 < i, j < n. 

Let a positive constant p* < p be so chosen that, given any c, 
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0 < € < p*, there exists a 6(e) > 0 such that t c I, ||x|| < 6 imply 

||P(t + s, t, x)|| < € for s > o. By hypothesis, there exists a e Q > o 

and, given any n > however small, a x (i)) > T such that tel, 

||x|| < 5 q imply ||P(t + s, t, x)|| < r| for s > t. Let p* « min (6 Q , 6 (p*)) 
and let M be the open sphere ||x|| < p'. Clearly, for any s > o, 

P(t + s, t, x) is of class C k on I x M. 

The boundedness, on I x M, of the first partial derivatives of 
f(t, x) with respect to x implies that, for any s > o, the first 
partial derivatives of ||F(t + s, t, x)|| with respect to t and x are 
bounded, on I x M, by h(s) - kexp(Xs) where k * k(p*) > 0 and \ > o 
are certain constants independent of (t, x). More specifically, k is an 
upper bound of ||f(t, x)|| for t c I, ||x|| < p*. 

Given any non-increasing null sequence (r n )> ° < r n < p there 
exists an increasing divergent sequence (t n ), t n (7 n ) > o, such that 
(t, x) € I x M implies ||F(t + s, t, x)|| < 7 n for s > t R . Let g(s) 
be a real scalar function, defined and continuous, positive, non-increasing 

for s > o, g(s) -> o as s -> », such that given any (t, x) € I x M, 

||F(t + s, t, x)|| < g(s) on [o, t 2 ] and g(t n+1 ) - 7 n > n * 1, 2, ... . 

Then g(t n+1 ) < g(s) < g(t n ) on [t n , t n+1 ] and hence ||P(t + s, t, x)|| < 
7 n < g(s) on [t n+1 , t n+2 ], n - 1, 2, therefore ||F(t + s, t, x)|| < 

g(s) for s > o. 

Let G(s) be the function associated by Lemma 3 with the func¬ 
tions g(s), h(s) and define 


V(t, x) = 


J G(||P(t + s, t, x)|| )ds . 
o 


Clearly, V(t, x) is defined on I x M and, by Lemma 3> is of class C k . 
Moreover, the first partial derivatives of V(t, x) with respect to x 
are bounded on I x M so that V(t, x)-> 0 with x uniformly on I. 

Given any (t, x) c I x M, we have for s > 0 


||F(t + s, t, x) r^x|| < 



||f (u, P(u, t, x))|| du < ks 


whence, for s e[o, ||x|/2kl, ||P(t + s, t, x)|| > (i/2)||x||. Therefore, 


yix||/2k 


V(t, x) > 


G(||P(t + s, t, x)|| )ds > ||x||/(2k)G(||x||/2) 
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30 that V(t, x) is positive definite on IxM. 

Clearly, given any (t Q , x Q ) c IxM, 

00 

v(t, F(t, t Q> x 0 )) - f o(||F(t + s, t 0 , x 0 )||)da 
0 

whence 

v(t, F(t, t 0 , x 0 )) - - o(||P(t, t 0 , x 0 )||) 

so that V'(t, x) is negative definite on IxM. 

If f(t, x) is linear in x on I x N, we have the following 
Important result of Malkin [2 0] (cf., also, [1]), which he obtained prior 
to Theorem 15- 

THEOREM 16 . If f(t, x) is linear in x and bounded 
on I x N, and if x = o is unifoim-asymptotically 
stable, hence exponential-asymptotically stable, given 
any real scalar function W(t, x), defined and con¬ 
tinuous on I x N, which is a positive definite form 
in x of degree m > o, there exists, on I x N, a 
real scalar function V(t, x) of class C 1 which is a 
positive definite form in x of degree m such that 

V(t, x) -> 0 with x uniformly on I and 

V'(t, x) = - W(t, x) on I x N. 

For the proof we refer to [ 20 ], and to [ 1 ] if W(t, x) is a 
quadratic form in x independent of t. 

Theorem 16 generalizes an analogous result of Lyapunov [ 13 ] for 
linear systems with constant coefficients. It also extends an earlier 
theorem of Malkin [ 16 ] on the necessity of the existence of a Lyapunov 
function of class C 1 on I x N, satisfying the hypotheses of Theorem 13 
In order that, given any (t Q , x Q ) e I x N, every solution F(t, t Q , x Q ) 
satisfy Persidskii's condition [3)3: ||F(t, t Q , x Q )|| < M||x 0 || for 

t > t Q + t (M, x Q ) where t > o and M is any given constant, 0 < M < 1 
For the relation of these results to work by Perron [ 29 ], [ 30 ] on the 
boundedness of every solution of linear non-homogeneous systems with bound 
ed forcing term, we refer to [ 1 ], [ 16 ], [ 1 9l• 

The following theorem of Massera [ 25 ] proves a stronger con¬ 
tention than Theorem 15 under considerably weaker hypotheses. 
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THEOREM 17. If f(t, x) is locally lipschitzian on 
I x N and if x * 0 is uniform-asymptotically stable, 
there exists on some set I x M, M C N, a Lyapunov 
function V(t, x), possessing partial derivatives with 
respect to t and x of any order, such that V(t, x) —> 0 
with x uniformly on I and V*(t, x) is negative 
definite on I x M. If f(t, x) is lipschitzian on 
I x N, the partial derivatives of V(t, x) are bound¬ 
ed on I x M; if, on I x N, f(t, x) is independent 
of t or periodic in t, V(t, x) is independent of 
t or periodic in t on I x M. 

For the proof we refer to [ 25 ]. 

Theorem 17 contains earlier results of Massera [ 25 ] and Barbasin 
[2] on the existence of a Lyapunov function V(t, x) on I x M, M C N, 

such that V*(t, x) is negative definite on I x M for the case of 

asymptotic (and hence uniform-asymptotic) stability of x = 0 when 
f(t, x) Is independent of t or periodic in t on I x N. These re¬ 
sults are converse theorems to the corollary to Theorem 7- 

The next theorems, though essentially elementary, may be useful 
in some applications. Theorem 18 Is related to Theorem 12 on the equi- 
asymptotic stability of x * 0; it generalizes an analogous theorem of 
Massera [ 25 ] based on the assumptions of Theorem 9* If f(t, x) is 
locally lipschitzian on I x N, the converse to Theorem 18 is obviously 
true as a consequence of Theorem 17* Theorems 19 and 20 due to Massera 

[ 25 ] show that the hypotheses of Theorem 9 can be implemented so as to 

yield the uniform-asymptotic stability of x * 0. 

THEOREM 18 . If x = 0 is uniformly stable and if 
there exists, on I x N, a bounded Lyapunov function 
V(t, x) such that V»(t, x) Is negative definite 
on I x N, x = 0 Is uniform-asymptotically stable. 

The proof is very similar to that of Theorem 12 and therefore is 

omitted. 

THEOREM 19* If f(t, x), is lipschitzian on I x N 
and If there exists a real scalar function V(t, x) 
defined, locally lipschitzian and positive definite 
on I x N, and a real scalar function W(t), de¬ 
fined, continuous and increasing for t > 0, W(o) » 0 , 
such that V* (t, x) < - W(V(t, x)) on I x N, then 
x « 0 is uniform-asymptotically stable. 
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PROOF. By Theorem 18 , the uniform stability of x • o needs 
only to be proved. ' 

Let f(t, x) be lipschitzian for the constant k > o on IxN, 
and let K > o be an upper bound of V(t, x) on IxN. Given any c, 
o < e < p, there is a n(c) > o such that V(t, x) > n for t € I, 

c < ||x|| < p. Let t( c) * /^( e )dV/VT(V) and 6 (c) * € exp(- kT). Then 

t Q e I, ||x Q || < 6 Imply ||F(t, t Q , x Q )|| < e for t c [t Q , t Q + t]; for 

t > t Q + t, it follows that 

V u 

T dV _ r dV 

J vm J wn 

V(t 0 ,x Q ) K 

and thus V(t, F(t, t 0 , x Q )) < \i, which implies ||F(t, t Q , x Q )|| < e. 

THEOREM 20 . If there exist a real scalar function 
V(t, x), defined, locally lipschitzian and positive 
definite on IxN, and real scalar functions W(t), 
g(t), defined and continuous on I, W(t) increasing 
for t > o, W(o) = o, g(t) positive on I and 
/ Q dt/g(t) - «>, such that V*(t, x) < - W(V(t, x)) 
and (x, f(t, x)) < ||x||g( ||x||) on IxN, then 
x * o is uniform-asyraptotically stable. 

PROOF. By Theorem 18 , the uniform stability of x = 0 needs 
only to be proved. 

Given any c, 0 <e<p, let n(c) > 0 , t(c) > 0 be as in the 
proof of Theorem 19, and choose 8 (c) > o such that dt/g(t) > t(c). 

Since 

- 2 (x, f(t, x)) < 2 ||x ||g( ||x || ) 

on IxN, given any t Q c I and any x Q in ||x|| < 8 , it follows that 
for t c [t Q , t Q + t] 

llxll € 

r m < r juisl 

j|i II g(llx||) ■ g g( llxll) 

whence ||F(t, t Q , x Q )|| < e; and, by the same argument as in the proof of 
Theorem 19, ||F(t, t Q , x Q )|| < c for t > t Q + t. 
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IV. BOUNDEENESS AND ASYMPTOTIC STABILITY IN THE LARGE 

1. We shall now suppose that the basic differential equation 

£ - f(t, x) 

is defined on I x R n and that f(t, x) has the same regularity prop¬ 
erties on I x R n as it was assumed in (I.) to have on I x 3 , except 
that for boundedness results we shall not require f(t, o) a o on I. 

N c will denote the set ||x|| >p>oinR n andI, as before, some 
interval [T, °°), T > o. 

DEFINITION 3. Every solution is said to be 

(3.1) bounded: if, given any t Q € I and any r Q > 0, there 
exists an r(t Q , r Q ) > 0 such that ||x 0 l| < r Q implies 
l|F(t, t Q , x 0 )|| < r for t > t Q . 

(3.2) uniformly bounded: if, given any r Q > 0, there exists 
an r(r Q ) > 0 such that t Q e I, ||x 0 H < r Q imply 
llF(t, t Q , x 0 )|| < r for t > t Q . 

(3.3) ultimately bounded: if, given any r Q , r^ r Q > r 1 > 0, 
there exist an r(r 1 ) > 0 and a T(r Q , r 1 ) > 0 such 
that t Q c I, ||x 0 || < r Q Imply ||F(t, t, x)|| < r for 

t > t© + t. 

DEFINITION 4 . The solution x = 0 is said to be 

( 4 . 1 ) asymptotically stable In the large [3): If it is stable 

and if (t Q , x Q ) e I x R n Implies F(t, t Q , x Q ) -■> 0 

as t--> «• 

( 4 . 2 ) uniform-asymptotically stable in the large [ 4 ]: if 
every solution is uniformly bounded and if, given any 
positive r Q , r 1# there exists a *r(r 0 , r 1 ) > 0 such 
that t Q « I, ||x 0 || < r Q imply ||P(t, t Q , x Q )|| < r, 
for t > t Q + t. 

It can be shown similarly as in the case of asymptotic stability 
that if f(t, x) is Independent of t or periodic in t on I x R n , 
then asymptotic stability in the large of x ® 0 Implies uniform-asymptotic 
stability in the large of x * 0, (cf.; ©*S •> £25]). 

2. We begin with theorems on boundedness which are related to 
some results of Yoshlzawa [ 39 )> C 4 0], [ 4 i]. 
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THEOREM 21. If there exists, on I x N°, a real 
scalar function W(t, x), defined, locally lipschitzian 

and positive definite, such that W(t, x)--> » with 

x uniformly on I and W'(t, x) < o on I x N°, 
every solution is bounded. 

PROOF. Given any t Q € I and any r Q > p, let co(t 0 , r Q ) * 
sup{W(t Q , x) | p < ||x|| < r Q ) and let r(t Q , r Q ) > p be such that 
W(t, x) > a> for t > T, ||x|| > r. Then ||x Q || < r Q implies 
||F(t, t Q , x Q )|| < r for t > t Q ; for, otherwise, ||F(t, t Q , x Q )|| - r at 
some time t = t' > t Q so that co < W(t', F(t', t Q , x Q )) < W(t Q , x Q ) < a>, 
which is absurd. 

THEOREM 22. If there exists, on I x N c , a real scalar 
function W(t, x), defined, locally lipschitzian and 
positive definite, such that, for any open sphere S )N, 

W(t, x) is bounded on I x N c fl S c , W(t, x) -> » 

with x uniformly on I, and W'(t, x) < 0 on I x N c , 
then every solution is uniformly bounded. 

The proof is very similar to that of Theorem 21 and therefore is 

omitted. 


THEOREM 23* If there exists, on I x N c , a real 
scalar function W(t, x), defined, locally lipschitzian 
and positive definite, such that for any open sphere 

3 } N, W(t, x) is bounded on I x N° n 3°, W(t, x) -> « 

with x uniformly on I, and W*(t, x) is negative 
definite on I x N c , then every solution is ultimate¬ 
ly bounded. 

PROOF. Given any r Q , r 1 , r Q > r 1 > p, let o)(r Q ) * 

sup (W(t, x) | t c I, p < ||x|| < r Q ), let v(r, ) > o be such that 

W*(t, x) < - v for t € I, ||x|| > r 1# and put x(r 0 , r, ) - cd/v. 

Given any t Q e I and any x Q in ||x|| < r Q , either ||x 0 || < r 1 

or r 1 < ||x Q || < r Q . In the first case, there exists an r(r 1 ) > p such 

that ||F(t, t Q , x Q )|| < r for t > t Q . In the second case, there exists a 
t' c [t Q , t Q + t] such that ||F(t», t Q , x Q )|| < r,; for, otherwise, 

||F(t, t Q , x Q ) || > r 1 throughout It Q , t Q + t) and hence 

W(t Q t, F(t Q + t, t Q , x Q )) < W(t Q , x Q ) - vt < 0, which is absurd. Thus, 

in either case, ||F(t, t Q , x Q )|| < r for t > t‘ and hence, a fortiori, 
for t > t Q + t. 
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In a series of papers [ 36 ], [373# f303 concerning second order 
non-linear differential equations of the Cartwright-Littlevood type, Reuter 
used gauge functions closely related to those of Theorem 23 to prove the 
ultimate boundedness of every solution and the existence of forced almost 
periodic solutions. He appears to have introduced the term ultimate bound¬ 
edness. 

3- The theorems that follow concern the uniform-asymptotic sta¬ 
bility in the large of x * 0 . Theorem 24 due to Massera [ 25 ] generalizes 
a similar theorem of Barbasin and Krasovskii [ 3 ] for the case when f(t, x) 
is independent of t on I x R n . 

THEOREM 24. If there exists, on I x R n , a Lyapunov 
function V(t, x) such that V(t, x) —> 0 and » 

as ||x|| -> 0 and °° uniformly on I and V'(t, x) 

Is negative definite on I x R n , x = 0 is uniform- 
asymptotically stable in the large. 

The proof resembles that of Theorem 12 and therefore is omitted. 

The next theorem, also due to Massera [ 25 ], is a generalization 
of an analogous result of Barbasin and Krasovskii [4]. Their proof hinges 
on Lemma 3 and requires f(t, x) to be of class C 1 on I x R n and to have 
bounded first partial derivatives with respect to t and x on I x R n . 

This result is itself an extension of an earlier theorem of theirs [ 3 ] for 
the case when f(t, x) is independent of t on I xR n and all solutions 
exist in the past; the proof of this latter theorem uses Barbasin's method 
of sections [2]. 

THEOREM 25 . If f(t, x) is locally lipschltzian on 
I x R n and if x * 0 is uniform-asymptotically stable 
in the large, there exists, on I x R n , a Lyapunov 
function V(t, x), possessing partial derivatives with 
respect to t and x of any order, such that 
V(t, x)-> 0 and « as ||x|| -> 0 and °° uni¬ 

formly on I and V'(t, x) is negative definite on 
Ixlf. If f(t>. x) Is lipschltzian on IxB 11 , 
the partial derivatives of V(t, x) are bounded on 
I x H for every bounded set H C R 11 ; if f(t, x) 
is independent of t or periodic in t on I x R n , 
so Is V(t, x). 


For the proof we refer to [253. 
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ADDED IN PROOF (September, 1957)* Since this survey was pre¬ 
pared for publication, a number of papers have appeared dealing with the 
theory of Lyapunov's second method and, In particular, with the inversion 
of the basic theorems on asymptotic stability and instability. While it 
has been impossible to incorporate these new results, it is nevertheless 
felt that a few remarks about some of them are in order here. 

Krasovski! [46], [48] examines several types of asymptotic sta¬ 
bility and obtains necessary and sufficient conditions for them in terms 
of Lyapunov functions satisfying various additional requirements; for 
example, [46], he states without proof necessary and sufficient conditions 
for the asymptotic stability of x = 0 as well as for the uniform (simple) 
and equiasymptotic stability of x « 0. In [ 45 ] he gives new proofs for 
the converse of Theorem 13 in the case of autonomous equations and for the 
converse of Cetaev's theorem on Instability, which was proved by Vrkoc 
[ 52 ]. In [47] he Introduces the concept of "non-critical and uniform" be¬ 
havior of a solution in an e-neighborhood of x = 0 in terms of which he 
formulates necessary and sufficient criteria for the existence of Lyapunov 
functions in the case of asymptotic stability and instability. 

Kurzweil [49] proves a converse to Theorem 15 under considerably 
weaker hypotheses, similar to Theorem 17 of Massera who himself extends 
his original method of proof, [24], to infinite dimensional spaces In [ 50 ]. 

Persidskii [ 51 ] and Zubov [ 53 ] consider various types of asymptotic 
stability, their interrelationships [ 53 3 > and criteria for them involving 
Lyapunov functions, [ 51 3 ^ and functions closely related to them, [ 53 3 - 
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IX. ON PHASE PORTRAITS OP CRITICAL POINTS IN n-SPACE* 

Pinchas Mendelson 

1 . INTRODUCTION 

In this paper we study the geometric behavior of the solution 
curves of the (vector) differential system 

= Ax + Q(x), x = (x Q , xi* ..., x R ) 

near the isolated critical point x = 0 . Here A is a real, constant, 

(n+ 1 ) x (n +1 ) matrix (n * 1 , 2 , 3 , ...), with one zero characteristic 
root. All the n remaining characteristic roots have real parts of equal 
sign. The analytic vector function Q(x) consists of higher order (non¬ 
linear) terms, subject to a certain mild restriction. 

Such differential systems occur in many important stability theo¬ 
ries (cf. Liapounov). In the two-dimensional case, n - 1, a rather com¬ 
plete analysis of the local phase portrait in the neighborhood of the 
origin has been carried out by several authors. Poincarfi investigated the 
case when the matrix A is non-singular. Bendixson, Forster and Lefschetz 
have completed the analysis for a general matrix A in the particular case 
n * 1 . 

In higher dimensions Siegel has obtained significant results, 
but only under the restriction that A be non-singular, a restriction 
which excludes many of the most important applications. This paper seems 
to contain the first investigation of the geometrical aspect of the criti¬ 
cal point at the origin when A Is permitted to have a zero characteristic 
root. 

The notions of "fan-cone" and "saddle-cone" are defined and the 
critical points of the given system are analyzed in terms of them. It Is 
shown that in the particular case of E^(n ® 2 ), some major aspects of 

*This work was carried out under Office of Naval Research Contract 
N 6 o RI- 105 , Mathematics Dept., Princeton University, Princeton, N. J. 
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these new types of singularities are natural generalizations of the classi¬ 
cal Bendlxson singularities in the plane. 

2 . NOTATION AND TERMINOLOGY 


In the following discussion x will denote a real (n+i )-vector 
with the components (x Q , x 1 , ..., x n ). 

We shall use the following notations: 


[x]^, (h » 1 , 2 , ...), to denote an (n+l)-vector, the components 
of which, ([x Q , x^, ..., * n ]£, (i * o, i, n)), are real power series 

in (x Q , x 1 , ..., x n ), convergent in some region containing the origin, 
and beginning with terms of degree at least h. 


* 


[ v 


x„] , (h = 1 , 2 , ...), will denote a real power 
n h 


series in (x Q , x } , ..., x n ) beginning with terms of degree at least h 
and having no terms in x Q alone. 


E(x q , Xy, ..., x n ) will denote a power series in (x Q , x ]f ..., 
x R ), convergent in some region containing the origin and satisfying 
E(o, o, ..., o) * 1 . We shall refer to E(x Q , x )f ..., x n ) as a unit . 

An analytic transformation P : E Q+1 --> S £ +1 of the form 

x i “ f ±l x o> x i' x n ); r ±(°> °> ^ * °> ^ n), is 

said to be regular at the origin if the Jacobian 


*1 


i o 


( 0 , 0 , • • • , 0 ) 


Two systems of differential equations, which can be transformed 
into one another by an analytic transformation regular at the origin, are 
said to have "the same behavior ” in the neighborhood of the origin (cf. 

Lefschetz [ 1 ] p. 1 18 ). 

The following notations and definitions will be used extensively 
in Section 6 : 

(i) The double cone {x | z£ al x 2 * m 2 x 2 ) will be 
denoted by C (m). 

(ii) The solid cone {x | zj ml x 2 £ m 2 x 2 ) will be 
denoted by S (m). 

The sets C(m) fl (x | o < x Q < c) and 
C(m) fl {x | - e < x Q < o}, c > o, will be 
denoted by C + (m, e) and C"(m, e), 
respectively. These sets will sometimes be 


(iii) 
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referred to as "the lateral surfaces.” 

(iv) The sets S(m) fl (x | 0 < x Q £ e) and 

S(m) fl (x | - € ^ x Q < 0 ), e > 0 , will be 

denoted by S + (m, c) and S“(m, c), 
respectively. These sets will sometimes be 
referred to as ”the solid cones." 

(v) The sets S(m) fl (x | x Q - c) and 

S(m) fl Cx | x 0 - - c), e > 0, will be 

denoted by D + (m, e) and D“(m, c), 
respectively. We shall sometimes refer to 
them as "the upper and lower discs" of the 
cones S + (m, e) and S“(m, €). 

We shall also find it useful to employ the following definitions: 

DEFINITION 1. Let 9 be an autonomous system of differential 
equations defined in a region ft C ^ and satisfying the uniqueness of 
solutions there. Let r , x e ft, be the (unique) trajectory of 9 pass¬ 
ing through x, and let A be any point set contained in ft. Then 

T A * ( r x | x e A] . 

DEFINITION 2. Let r x be as defined above, and suppose that 
t x is a time such that r x (t x ) = x - Then r* = Cr x (t) | t > t x ) and 
r x s (r x (t) I t < t x )# 

NOTE. We shall occasionally denote a point x € ft by Roman 
capitals. The symbols r x , t x , r* and r” will then be written as 
r p , tp, Tp and Tp, respectively. 

DEFINITION 3. Let to be an open set contained in ft and let 

B(co) be the boundary of c d. Then, we say that a point P € ft fl B(a>) 

is a point of egress from <u (with respect to the given system • and the 
set n), if there exists a positive number € such that r p (t) e co for 

tp - € < t < tp. If, moreover, there exists a positive number i\ such 

that Tp(t) € n - co for tp < t < tp + t|, the point P is called a 
point of strict egress from o>. (A. Plifl, p. ^ 15 ). 

DEFINITION U. Let be the system which is obtained from • 

by the transformation t-> - t. Then P € ft fl B(o>) is a point of strict 

access into co (with respect to the given system 9 and the set ft) if 
P is a point of strict egress from co with respect to the system •• 
and the set ft. 

DEFINITION 5 . Let ♦ be as defined above, and suppose that 9 
has an Isolated singularity at 0 c ft. The cone S + (m, €) is said to be 
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a stable [unstable] fan-cone of • If: 

(i) P e C + (m, e) U D + (m, e) —> r£ C S + (m, «)[TpC S + (m, «)]. 
That is, the vector field of ® on the lateral 
surface and upper disc of the solid cone never 
points out of [into] the cone. 

(ii) o is asymptotically stable with respect to 

T , as t -> + * [t -> - oo ] 

S + (m, e) 


DEFINITION 6. If in Definition 5 every r € T . has a 

S + (m,e) 

definite tangent at the origin, and if furthermore these tangents are the 


same for all 
fan-cone. 


r e T 


S + (m, e )* 


then S + (m, e) will be called a simple 


DEFINITION 7* S + (m, e) is said to be a saddle-cone of ® ( of 

the first kind ) if: 

(i) If x c C + (m, €), then x Is a point of 

strict access into the interior of S + (m, e). 

(ii) x e C + (m, e) —> r* t S + (m, e). 

(ill) If x is a point of the interior of D + (m, e), 
then x is a point of strict egress from the 
interior of S + (m, c). That is, all trajec¬ 
tories passing through the upper disc leave 
the solid cone (upon continuation in the 
positive direction). 


(iv) Let A denote the set of all points 

x € D + (m, €) such that r" C S + (m, e). 

Then o is negatively asymptotically stable 
with respect to T^. 

DEFINITION 8. S + (m, e) is said to be a saddle-cone of ® ( of 

the second kind ) if the transformation t -> - t reduces it to a saddle- 

cone of the first kind. 


DEFINITION 9* 3 + (m, ^) is said to be a simple saddle-cone of 

0 (of the first or second kind) if the set A of Definition 7, con¬ 
dition (Iv), consists of exactly one point. 

NOTE. The above definitions were given in terms of S + (m, e) 
and C + (m, c), but apply, in the obvious way, also to S”(m, e) and 
C"(m, «). 
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3. A CANONICAL FORM 


3.1. We begin with the system 

(1) H - A* + [x] 2 

where 

(i) A = ( a ij) I s a rea l> constant, (n+l) x (n+l ), 
singular matrix of rank n. 

(ii) The non-zero characteristic roots of A all 
have negative (positive) real parts. 

(iii) Z* sQ *l >0 in S - 0, where S is a suit¬ 
able spherical neighborhood of the origin. 

A real, non-singular, constant matrix B can be found such that 
the transformation x * By will transform the given system (l ) into a 
system in y of the form: 


(O' 


y * Py + [y] 2 


where P is in real Jordan canonical form. Furthermore, system (l)' still 
satisfies conditions (i), (ii), (iii). We may assume, therefore, that in 
the given system (i ), A is already in canonical foiro, namely 



where A 1 is an (nxn) real, non-singular matrix in Jordan canonical form. 

3.2 We observe that the components [x Q , x^ •••, x n ] 2 , 

(i = 0, 1, ..., n), of [x3 2 are uniformly and absolutely convergent In 
some spherical neighborhood of the origin. Hence in that neighborhood 
these series may be rearranged. We can write, therefore: 


( 2 ) 


Ix q , Xj, •••> X n ]g - P 2^ X 0^ + C V X n^2' 


(i * o, i, •••, n) 


where p|(x Q ) are power series in x Q (with constant coefficients) start¬ 
ing with terms of degree at least 2. 
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3.3 Let x ± - + lx Q , x n l| - .... x a ), 

(i - 1, ..., n), and consider the system of equations: 

(3) f ± (x 0 , •••» x^) m 0 , (i = 1 , • ••, n) • 

We have 

0) = 0, (i * 1, • • • f n) • 

- IIA, || 4 0 . 

(0, * • *, 0) 


OO 


f ( 0, Of • • • f 


df i 


Hence, by the implicit function theorem, it follows that system 
(3) has a solution in the neighborhood of the origin, of the form: 

(5) x, - u,(x 0 ), x 2 = u 2 (x 0 ), x n » u n (x 0 ) 

where u^fx^, (i = 1 , n), are analytic functions of x Q satisfying: 

u^(o) * 0 , (i ■ 1 , ..n) . 

We now return to the given system (1 ) and apply to it the trans¬ 
formation U defined by (cf. Liapounov, pp. 302 - 3 ): 

(6) x Q - x Q , x i s u i + z v (i * • ••> n) . 

The transformation U reduces system ( 1 ) to the form: 


(7) 


dx, 


<TF “ + [ V z i' z n ] 2 9 

dZA / z l\ / Z k (x o ) + #[x o' Z 1. z n ] 2 \ 


“1 

nr* 


dz n 
k dt > 


\ Z J \ z k (x o ) + * Cx o' V z n ] 2 / 


where z£(x Q ), (i * 0 , 1 , ..., n), are power series in x Q beginning with 
terms of degree at least k, and z£(x Q ) » P°(x 0 ) + •••> ^ 2 ' 

where the right side is as defined in 3*2. Furthermore 
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(8) Z^ x o^ “ “ 35^ ^ * 

3.U. Suppose first that Zg(x Q ) a o. Then, by virtue of (7) 
and (8) - if ve write (x,, ..., x Q ) for (z,, ..., z n ) - U transforms 
the given system (l) into: 

*o * * Cx o' x n ] 2 

l*lx 0 , x,, x ft ]’\ 

\ # [x 0 , x,, x^l 

The transformation U is analytic and regular at the origin. 
Hence, in the neighborhood of the origin the behavior of the trajectories 
of system (9) is the same as that of system (l ). We note, however, that 

Xl * x 2 ■ ... ■ x n = o, x Q = c is a solution of (9) for any real constant 

c. Thus in (9), and hence in (i ), the origin is not an isolated singu¬ 

larity, contradicting condition (iii). 

It follows therefore that ^ o. 

3 . 5 . The above considerations have transformed the given system 
(1) into one of the form: 



*o 

- *£< x o> + * tx o’ 

x i» •••* *n ] 2 


/ x 1\ 

K (x o> + tx o' x l’ x n^\ 

• 1 

1 

= A ! | + 

; 


W 

\xJJ(x 0 ) + *[x 0 , X,, ..., x n )%j 


where, 

A is an (n x n), real, non-singular matrix 
in real Jordan canonical form. 

x 2<v - °^ 0> k> - 2 - 

x£(x 0 ), (1 - 1, ...» n), are real power 

series in x Q beginning with terms of 
degree at least k. 

REMARK. The matrix A appearing In ( 1 0) is the matrix A, 

of 3.1. 


( 1 ) 

( 11 ) 

(Hi) 
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1 

3* 6 . Writing x£(x Q ) » c^E^), v ^©r© E(x Q ) is a unit, we 

apply the transformation t -> t 1 defined by: 

dt 1 - c k E(x Q )dt 

thereby transforming ( 10 ) into 

x n ]° o^ 1 E,(x 0 ) 

/4< x o> + * tx o» Vs 

V'W ; 

' + * [ V x n ] 

where E^Xq) =* E(x 0 ) -1 is also a unit. 

NOTE. Since E(x Q ) is a unit, there exists a small enough 
neighborhood S of the origin such that E(x Q ) > ^ throughout S. Let 
now F 1 be the vector field defined by system ( 1 o) and let P 2 be the 
vector field defined by system (11 ). Then F 1 and F 2 differ through¬ 
out S only by a continuous scalar factor (namely, c k E(x Q )) which is 
positive in case c^ > ° and negative in case c^ < 0 . The fields de¬ 
fine two systems of trajectories throughout 3 which are identical, ex¬ 
cept for the fact that in the case c^ < ° the sense of the trajectories 
is reversed. 

Rearranging terms, system (ll) becomes: 



»o 

■v 

ll 

+ 

tx o' x n ] 2 


l*A 


r<\ 

/ p i< x o ) + * [x o’ •••' x n ] s\ 

(12) 


* A 

• 

* : 





' p £( x 0 ) + * Ix o' x n ] 2/ 


where A is as in ( 10 ) and p J( x 0 )> (i * i, ..., n), are power series 
in x Q beginning with terms of degree at least k. 

3.7* It follows from the above discussion that system ( 12 ) is a 
canonical form for real analytic systems of differential equations having 
an isolated singularity with one zero characteristic root at the origin. 

We shall assume henceforth that the given system has already been reduced 
to that form. 


o 

HE7 


+ [x Q , X,, 


ft* 1 

dt, 


\ 


x i°k’ E i< x o } ' 


( 11 ) 


dx n / 




a cm 
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3*8. The study of the most general systems of the type (1) Is 
rather complicated. We shall therefore restrict our attention to systems 
(i) whose canonical form (12) satisfies: 

(iv) * 0 = x k + *[x 0> x n ]° +1 

i.e., x^ is the term of least degree in 
the expression for x Q . 

Geometrically this added condition implies that the surfaces 
£ 0 ■ Xq + *[x Q , ..., x n ]° +1 * o, when they exist, are tangent to the 
x Q = o plane at the origin. 


4, THE TRANSFORMATION T 

4.1. Let x* denote points in a second (n + 1) dimensional 

space E^. Let T : E n+1 -> E^ +1 be defined by: 

(13) x Q * x£, x ± * xjx Q , (i = 1, 2, ..., n) . 

Then T can be thought to map the origin 0 of E n+1 onto the 
= o plane, and all other points of the x Q = o plane into the point 
at infinity of the plane x£ * o. Outside x Q * o the map is one-to-one 
and analytic at every point. 

4.2. For x Q i o we have: 

x« = x Q , xj[ * x^x" 1 , (i *= 1, ..., n) 


and hence 


(14) 


• * . 

x o " x o' 


■^1 = *i x o - (i " 2, •••> n) 


The transform of (12) by T yields: 

•••' x n x o 3 k+r k ^ 2 
n 

*1 “ Y, + °i X i + x 0 [x 0' x {' x n 1 i’' (1 ‘ 
J-1 


The term c^ can only appear in the case k * 2, but in that 
case we apply a suitable linear transformation which reduces system ( 1 4) 
further to: 
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jrt 

x o 


I*&r 


+ * lx o> X J X A' •••» x n x A ] k+i' k > 2 




M 


1 •••» 

• 

• 

- A | 

• 

• 

+ 

• 



\ X nl 


i x o tx i' •••» X A ] ?/ 


05) 


U.3. Since 

*[*i* x i' x o* •••* x n x o ] k+i " < x o )k+1 * Cx <!.' x l’ •••» X A ] ? 
it follows that 

06) - (x£) k + (x < p k+1 *[x£, xj, x^]° - (x£) k E(x£, x^) . 

The transformation t--> t 1 defined by dt 1 * Efx^, ..., x^Jdt 

reduces system ( 15 ) further to the form: 


H ■ < x A> k * 


k £ 2 



(*i) 


l x \ \ 


1 lx o> •••» x A ] i\ 

(17) 

\kl 

) ” A 

Wl 

+ X A 

\lx±, xtfj 


k.4. Let R be a ray emanating from the origin 0 and contain¬ 
ed in x Q > 0 [x Q < 0], Then R can be represented by the set of (n + 1 ) 
relations: 

x Q > 0 lx 0 < ol, x, = m,x 0 , x 2 - m 2 x 0 , x n - m n x 0 . 

Let R* * T(R) • Then clearly R 1 is the half-line: 


x o > 0 [x o < 0] > x { " m i> x 2 * m 2' •••' x n " “n * 

i.e., the half line perpendicular to the x£ * 0 plane and intersecting 
that plane at the point ( 0 , m^ nig, ..., n^). 

Furthermore, if C + (m, e ) is the half cone defined above, then 
T(C + (m, e)) is the half cylinder {x* | 0 < x^ < c, * m 2 ). 

Similarly, T(C _ (m, €)) - {x' | - c < x^ < o, z£_,x£ 2 - m s ). 

4.5. Let now r(t) be a trajectory of ( 12 ) which Is contained 
In C + (m, «) [C”(m, «)] and let r'(t) be the Image of r(t) under T. 
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Then r*(t) Is contained in the cylinder T(C + (m, €)) [T(C"(m, «))]; and 

if r(t) tends to o in E n+1 for t --> + »(t-> - »), then r*(t) 

tends to x£ - o in E ^ +1 (i.e., r'(t) tends to the base of the 

cylinder). Moreover, if r(t) tends to o with a definite tangent 

R : x 1 - m ] x 0 > •••> x n ~ then tends to the point 

(o, n^, m 2 , * • • > m x 1 ) • particular, if r(t) tends to the origin tangent 

to the x Q -axis, then r*(t) tends to the origin o*. 

Conversely, if r* (t) is contained in a half cylinder, as above, 
then r(t) is contained In the corresponding cone. If r* (t) tends to 

the x^ * o plane (inside the cylinder), then x^ ® x i x o ^ ^o-*> 0 

as x^-> o, and hence r(t) tends to the origin. Finally, if 

r i(t) -> (o, m 1 , •••# as t -> + oo, then r(t) has a definite 

tangent at the origin, this tangent being the line: x 1 * m 1 x 0 , ..., 

x n “ Vo‘ 

We shall find it convenient to study system ( 17 ) in detail and 
obtain thereby, in view of the above considerations, information about the 
system ( 12 ). 


5. PHASE PORTRAIT OF SYSTEM (17) 


5.1. Replacing (x£, ..., x^) by (x Q , ..., x R ) and 
[x^, ..., x^]|, (I - i, ..., n), by X ± = X^Xq, ..., x R ) we may rewrite 
(17) as: 


( 18 ) 



The matrix A appearing in ( 18 ) is in real Jordan canonical form. 
We may assume, without loss of generality, that 
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the A^, Bj, (i * 1 , ..., r), (j * i # ..., s), being real square matrices 
of and 3 j rows, respectively. Each is of the form 


( 20 ) 


■ 



0 

X i 



0 

0 


where | is any arbitrarily chosen real positive number, and each Bj is 
of the form 


(21 ) 



where 


Mj is the real matrix 


( " V J ) 

\ Vj lif ) 


“J 


and E 0 


c :) 


5 . 2 . The following cases will be dealt with separately: 


CASE 1 . 

Pi 

CVI 

u 

p > 1 






A. 

\ ± < 0, 

(1 * 1, • • • , Z*) j 


< 

0 , 

(j - 1 , 

s) 

B. 

> 0 , 

(1 = 1 , ..., r); 

“J 

> 

0 , 

(j -1> 

• • •, s) 

CASE 2. 

k = 2p + 

1, p * 1 






A. 

n 

O 

V 

(i « 1 , r); 

“j 

< 

0 , 

(j - 1 , 

..., s) 

B. 

> 0, 

(i * 1 , r); 

"j 

> 

0 , 

(j ->, 

• • • 9 3 )' 


5-3. CASE 1 A. - 

5*3« 1 • We-note first that in system ( 18 ), x Q « 0 satisfies 
the first equation, and consequently the (x 1 , x n ) hyperplane is an 

integral surface. 


n 


p 


2 



i-i 


5 ^ 3 . 2 . Let 
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Then 


( 22 ) 


pp = 


n 


I x i*i 

1*1 


■ (fi + ••• + 4 X ) 

* X 2 ( X « 1+ 1 + -* +x a 1 + a 2 ) + . 

t t # 

+ s( x a 1 + ... + a r _ 1+ 1 + + x a, + ...-K* r ) 

+ M l ( x o 1 +...+o r +l + •'* + x a 1 +...+a p +P 1 ) + 


^3 ( x a^+...+ 0 ^+?••.+P 3 _^+1 n ) 

+ 6 I X i X j 

n 

+ x o I x i X i 
1-1 

We note that there are at most (n - 1 ) pairs (i, j) such that 
the corresponding products x^Xj appear in the expression lEx^Xj. Since 
for all (1, j) l x i x jl 1 P 2 > and since i > 0 , we can write immediately: 

(23) I s I x l x jl * n tP 2 

5.3*3* Let 

2 X * Min. -flxj, 11*4If 
i-i,...,r l J J 

J*i f •.• f s 


Then x > 0, and it follows from (22), (23) that 



l8o 

(2k) 


Since 
o < e np 2 < Xp 2 
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n 

pp < - 2X P 2 + nftp 2 + x Q ^ x ± X ± . 

i-l 

I can be chosen at will, we select ° < 6 < ^ 
and hence, 

n 


( 25 ) 


pp < - Xp + X 


I X l x i • 


1=1 


Let x^ « 0j_(x)p, (1 * i, ..., n). Then | (x) | £ 1 
x, and we have: 


X *i x i - p X e i(«) x i - p X »i(*> - 


1=1 


1=1 


1-1 


. Then 


for all 


where R^x) - e i (x)X 1 . 
Therefore, 


n 


(26) 

pp < - xp 2 + p |x q i 2^ 


i=i 

or. 

n 

( 27 ) 

p < - Xp + |x Q | ^ |R. 


i-1 


Let S be the common domain of convergence of R 1 , ..., R n and 
let C* be a closed cylinder of height 2h' and radius tj which is con¬ 
tained in S (Figure i ). 


Furthermore, let 


n 

M ■ 5S; ( l |s i' ) • 

' 1-1 / 

Let C be another cylinder of radius r\ and height 2h, where 


h < M' 


h ^ h* (Figure 1 ) 



Obviously 
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(28) p<-Xti+hM^-Xri+ «|j| • M - - Q < 0 


Hence, on the lateral surface of C, the vector field defined by 
(l8) points into the cylinder C. Note that in the case being discussed 
k - 2 p and therefore x^ > 0 for x Q i o. Henoe, on the bottom disc the 
vector field points into C, whereas on the top disc the vector field 
points out of C. 

5 . 3 *^« Consider the set 


(29) 



and let 
(30) C» 


n 

jx | - h < X 0 < o, £ x| * T, 2 } U jx | x Q 
i=i 


h, y, *u * 2 } • 

i-1 


(C* is the open lateral surface of the lower half of C together with 
the closed lower disc of C.) Recalling that the (x 1 , x n ) hyper¬ 

plane is a solution surface, the above results imply that if r p is any 
trajectory passing through P € C] at time t p , then r p C C 1 for all 
t > t p . Since - Xq P > o throughout C } , r p must rise monotonically 
towards the (x^, ..., x R ) plane and cannot have any point Q e C 1 in 
its positive limit set A + (r p ). Thus, the positive limit set of r p is 
contained in the disc 

n 

D: x Q = o, Y *1 * * 

i-1 

However, if A + (r p ) 3 P 1 e D, where P 1 = (o, £ 1 , £ n ) with 

n 

I «i ■ ^ > 0 ' 

i-i 

an argument identical with the one used previously will show that there 
exists an h(£) such that for |x Q | < h(£), (i*©*, for t large enough) 
p < o in the neighborhood of P 1 • Thus P 1 £ A + (r p ). Hence A + (r p ) con¬ 
sists of the origin only. 

Thus all trajectories entering C 1 tend to the origin in the 
direction of increasing time. It will be shown later that they do so 
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tangent to the x Q -axis. The phase-portrait is that of a "fan" tangent to 
the x Q -axis as Indicated in Figure 3 * 

5 . 3 * 5 * Consider next the set C 2 « C (1 (x | x Q > o] . Let 
P(£ 0 , £i > •••> £ n ) be a P olnt on lts °P en lateral surface and let r p be 
the trajectory passing through P at time t p . We have seen before that 
r p must enter C 2 at P. Since « x^ p > o is monotonic, ± 0 > > 

for all points of r p at time t > t p . Hence r p leaves C 2 after a 
finite time t p , and must do so through the upper disc. We denote the 
first, point of departure by P. 

Let f be the mapping of the lateral surface of C 2 into the 
upper disc defined by: 


f : p --> ? . 

Since r p traverses Its path from P to P in a time which Is 

finite. It follows that f is a homeomorphism. 

Let P m (£ m > n, o, o), (m = o, i, ...), be a sequence of 

points on the lateral surface of C 2 such that: 

S 0 ‘ I ' S m -> o as m--> » , 

and let J m , (m = o, i,...,), be the (n-i) sphere defined by 

n 

£ xf - n 2 > x 0 - C m (Figure 2) . 

1=1 

Then f(J m ) - JjJ, is contained in the upper disc of Cg. Let A^, 

(m = o, 1, 2, ... )> denote and its interior. Then A^ is a closed 

bounded set lying in the upper disc and A^ } A ft+1 for m * o, 1, 2, ... 
Hence 

00 » 

A = n A,, 4 * . 

m=o 


Let Q c A and consider the trajectory r Q passing through Q 
at time t^. We shall prove that stays in C 2 for all time t < t^. 

For suppose Tq, when continued in the negative direction, leaves C 2 at 
some point P. Then P(n Q , t^, ..., ij n ) must be on the open lateral 
surface of C 2 , and thus r\ Q > o. Hence tj 0 > for some m implying 
that Q t k^. It follows that Q i A, contradicting our original 
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X 



FIGURE 2 

assumption. Therefore we must conclude that r Q remains in C 0 for all 

* * V 

Using an argument similar to the one used with respect to tra¬ 
jectories approaching the origin from below the (x ] , x n ) hyper¬ 
plane, we can 3 how that the negative limit set of consists solely of 

the singular point at the origin. 

We have thu3 proved: 

LEMMA 1. System (18), case lA, has at least one 
trajectory tending to the origin from above the 
( X T > x n ) plane in the negative direction. 

We now proceed to prove: 

LEMMA 2. System (18), case 1A, has only one tra¬ 
jectory tending to the origin from above the 
(x^ ..., x n ) plane in the negative direction. 


PROOF. Assume there are two such trajectories and let them be 
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denoted by (x^, x], x^) and (x®, x 2 , x®), respectively. Let 

x* - x^, (i - i, a, n), be denoted by and define, 


( 31 ) 


» ! ■ z 4 

i*1 


Then replacing V^x^ .x n ) in (18) by X£(x Q , x n ), 

(i= 1, n), and following a calculation similar to one carried out 

above (5*3.3), we get: 

n 

pp ^ - Xp 2 + £ u JxiOv x ?> x t) - X i( x O' x !» x i)] 

i-1 


( 32 ) 


- \p 2 + 


z^z 5b 


1=1 -J-1 

n 


l^XJ 


2 p \ i / 1 

< - + P 2, 13x7 x o’ x i' 

l,j=i 


+ 


I e i i u ii 


i=i 


Since X|, (i = 1, n), are power series beginning with 

terms of degree at least 2 , it follows Immediately that by choosing a 
small enough neighborhood of the origin we can make 


( 33 ) 


. / \ 2 
PP < “ 2 p 


( 34 ) 


Since x Q = x 2p > o and < o, we get 


P < - j P 

dp 


§ k ‘&’&-< 0 ’ 


which is absurd. The uniqueness of the trajectory of Lemma 1 
established. 


is therefore 
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The phase portrait of a system such as (i 8 ) in E^ with 

‘•O -:) 

and k * 2 p is given in Figure 3 « 



FIGURE 3 

The singularity shown in Figure 3 is a generalization to three 
dimensions of a Bendixson singularity (of the second type) with one nodal 
and two hyperbolic sectors (Figure 4 ). In fact, if we rotate the singu¬ 
larity of Figure 4 around the x Q -axis, we get a special case in of 

the singularity treated above. 

5 - 4 . Case IB 

In this case k * 2 p, p > i and all roots of A have positive 

real parts. The double transformation t -> - t, x Q -> - x Q reduces 

this system to one of the form lA. 
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A system (18) In with k - 2p and 

.?) 

will have the phase portrait indicated in Figure 5 • 

5.5. Case 2A 

In this case k * 2p + 1 and all the roots of A have negative 

real parts. We note that the transformation x Q --> - x Q transforms the 

system to a new system of the same general type. Hence, system (18) in 
case 2A exhibits the same phase portrait above and below the (x.j, ..., x n ) 
plane. Furthermore, our treatment of systems of the types 1A above and on 
the (Xj, ••., x n ) plane applies completely to systems of the type 2A in 
the same region. The even power of x Q appearing in the expression for 
in 1A was only used to determine the sense of the x Q derivative, and 
this sense is the same for x Q > 0 for both even and odd powers. The 



FIGURE 6 
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This singularity (Figure 6) is a generalization to three dimen¬ 
sions of a Bendixson singularity (of the second type) with four hyperbolic 
sectors. The rotation of Figure 7 around the x 0 -axis produces a special 
case of Figure 6. ^ 

5*6. Case 2B 

Again, this system . 

exhibits the same phase por- 1 1 

trait above and below the | ^ t 

(Xj, x n ) plane. Its be- J V 

havior above and on the y / 

(Xj, •x n ) plane is the ^ ^ y 

same as that of IB in the same _ 

region. The phase portrait in 

E 3 wlth \ ( 


(*; 


la given In Figure 8. 


FIGURE 7 



FIGURE 8 
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6. CONCLUSION 


4 ^ 4 

6.1. Let P£(x 0 ) + x n^2 ^ s y stera ( 12 ) be denoted 

by X i (x Q , ..., x n ), (i * 1, ..., n), and let DC E n+1 be contained In 
the domain of convergence of X^(x Q , ..., x n ), (i - 1, ..., n). Choose 
ft > o small enough so that 


S 


j x I 0 < x o < *» 


I 4 < * 2 j 


Is contained In D. The transformation T defined in 4.1 maps S into 
the set T(S) C E^ +1 , where 

T(S) - j(x£,...,x£) | O < ^ < {j 0 < x£p' < |j- , 


where 


p 1 



+ 


< 2 ] 


1/2 


Since system (17 ) is the transform of system (12) by T, it 
follows that T(S) Is contained in the common domain of convergence of 
the [x^, ..., x^]|, (1 = i, ..., n), appearing in ( 17 )- 

Given any rj > o there exists an €(tj) > 0 small enough so 
that the cylinder 

jx- | o< X- < E (0, I>i 2 =n 2 } 

^ 1=1 

is contained in T(S). Thus, for any r\, there exists a cylinder low 
enough that the discussion of Section 5 applies to It. The situation is 
the same for the lower half space, x Q < 0 . 

The above remarks together with the discussion contained in 
Sections 4 and 5 now complete the proof of the following theorems: 


THEOREM 1. Let there be given a system (1 ) in 
canonical form ( 12 ) and satisfying conditions 
(i) - (iv), of Sections 3.1 and 3.8. Then for 
any ra > 0 there exists an c(m) > 0 such that 
S + (m, c(m)) and S"(m, c(m)) have the following 
properties: 
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k - 2p + 1, p :> 1 | 

Real Parts 
of Roots of 

A 

Negative 

Positive 

Negative 

Positive 

S + (m, c(m)) 

simple saddle- 
cone (of the 
first kind 

unstable, simple 
fan-cone 

simple saddle- 
cone (of the 
first kind) 

unstable, 

simple 

fan-cone 

S~(ra, c(m)) 

stable, simple 
fan-cone 

simple saddle- 
cone (of the 
second kind) 

simple saddle- 
cone (of the 
first kind) 

unstable, 

simple 

fan-cone 


THEOREM 2. In Theorem 1, all trajectories which tend 
to the origin in the positive or negative direction, 
either from the fan-cones or from the saddle-cones, 
are tangent to the x Q -axIs at the origin. 

The local phase portraits of these systems will exhibit the 
characteristics shown in Figures 9, io, n and 12 . 

REMARK. Since system (17) is a special case of system (12) it 
follows that Theorems 1 and 2 apply to it as well. The phase portraits 
of these particular systems are, therefore, completely described. 



FIGURE 9 
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FIGURE 13 

Let m> 1 . If q>(m) is the "opening" (Figure 13 , above) of 
the come C (m, c(m)), then clearly cp(m) > n as m-> + op. Further¬ 

more, if m 1 > m 2 , it follows from the above discussion that 
€(m 1 ) < €(m g ). Thus c(m) is a decreasing function. 

Two distinct cases may arise: 

(i) 3 p* > 0 such that p* < m €(m) for all ra. 

(ii) m e(m) -> 0 as m -> + 00 . 

6 . 3 . Suppose case (i) applies. Let B* be the cylinder defined 


by 
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B * ”{ x I I x i * p * 8 
L 1*1 

Then, If Q(x q , • • •, x n ), x Q + o, 13 any point contained in B*, there 
exists an nu > 1 such that either Q € S + (m^, €(m^)) or 
Q € S"(mQ, € (iiiq) ) (Figure 14). Thus, the phase portrait above and below 
the x Q = 0 hyperplane is completely determined. It follows from con¬ 
tinuity that in this case the x Q = 0 hyperplane is a solution surface. 
The phase portrait is therefore the same as that of a system ( 1 7) • 




FIGURE 14 
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Conversely, let the x Q * o hyperplane be a solution surface. 
Then it can be shown readily that there exists a cylinder B* with radius 
p* and height h* such that Q(x q , x n ) e B*, x q J o —> 3 hJq > 1 

such that either Q € S + (mQ, €(idq)) or Q e S'Cm^, c (m^)). It follows 
therefore that p* < m €(m) for all m. We have thus proved: 

THEOREM 3 . The x Q = 0 hyperplane is a solution 
surface if, and only if, there exists a p* > 0 
such that p * < m € (ra) for all m. The phase por¬ 
trait is, in this case, completely determined, and 
is, in fact, given by one of Figures 3> 5 > 6 and 8. 

6.4. in general, however, the x Q = 0 plane Is not an Integral 

surface, and therefore m e^m) -> 0 as m —> + «• Let ® be such a 

system and assume first that k t Is either even, or odd and all the charac¬ 
teristic roots of A have negative real parts. 

Let B(m) be the cylinder defined by {x | p < m e(m), 

- €(m) < x Q < €(m)) where 


n 



1=1 


and c (m) Is as defined in Theorem 1. Let R (m) be the lateral surface 
of B(m), I.e., R(m) = {x | p = m c(m), - c(m) < x Q < €(m)}. Finally, 
let a)(m) = (x e B(m) p < m e(m), p > mx 0 ) or equivalently: 

aj(m) = Int. (B(m) - [S + (m, e(m)) U S“(m, e(m))]} (Figure 15)* 



FIGURE 15 
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Clearly, m 1 > m 2 —> B(m 1 ) C B(m 2 ) and a>(m 1 ) C a>(m 2 ). 
Furthermore, by using arguments similar to ones employed in Section 5 (to¬ 
gether with the fact that x Q < £ throughout a>(m) it can be shown that 
a large enough m Q > 0 may be picked so that p < - -| p throughout 
a)(m Q ). We shall assume henceforth that m > m Q and therefore p < - -g- p 
throughout <o(m) C ai(m Q ). 

For the case under consideration we have shown (Theorem 1 ) that 
every x e C + (m, €(m)) is a point of strict access into the interior of 
S + (m, e(m)), and every y c C“(m, e(m)) is a point of strict access into 
the interior of S“(m, c(m)). Let now P e C + (m, c(m)). Then P is a 
point of strict egress from a>(m). Since p < - ^ p throughout a>(m), 
it follows that if we continue r p from P in the negative direction, 

r p must intersect R(m) at some point ?. Let the mapping P -> P 

of C + (m, c(m)) into R(m) be denoted by f. Then f is a homeo- 
morphism. Since C + (m, €(ra)) is an open n-dlmensional manifold, it 
follows from Brouwer^ theorem on the invariance of domain that 

= f(C + (m, €(m))) is open in the n-dimensional manifold R(m). 

Similarly, if Q e C~(m, e(m)) then Q is a point of strict 
egress from a>(m) and if we follow from Q in the negative direc¬ 

tion, Tq must intersect R(m) at some point Q. The mapping 

g : Q-> Q is a homeomorphism as above, and 0"(m) = g(C”(m, e(m))) is 

open in R(m). 

Evidently 0 + (m) fl 0”(m) = 0. For if x € 0 + (m) then r 
| ^ 

leaves co(ra) through C (m, €(m)), whereas x e 0“(m) implies that r x 
leaves cu(m) through C”(m, e(m)). Since C + (m, € (m)) fl C~(m, €(m)) » 0 
it is clear that 0 + (m) and CT(m) must be disjoint. 

Let F(m) = R(m) - (0 + (m) U 0“(m)}. Then F(m) disconnects 
R(m) into two parts. Furthermore F(m) is closed in R(m) and clearly 
also in E n+1 . 

Let x € F(m), then r x cannot leave a>(m) either through 
C + (m, c(m)) or through C”(m, c(m)). Hence C as(m) and since 
p < - p throughout <ii(m), r x must tend to the origin as t -> + ». 

Conversely, if x c R(m) is such thc/t r x tends to the origin 
as t -> + « then x t 0 + (m) U 0”(m) and hence x € F(m). 

Suppose x € F(m*) for some m*. Then r x intersects F(m) 
for all m > m*. For suppose 3 m > m* such that r x n F(m) « 0 . Then 
r x can stay in a>(m) only for a finite time and therefore r x must tend 
to the origin outside a>(ra). But then r x must finally enter either 
S + (m, c(m)) or S“(m, €(m)). In that case, however, it follows from 
Theorem 2 that r x has a definite tangent at the origin, and, in fact, 
this tangent is the x Q -axi3. This contradicts the fact that r x C cofrn*). 
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Hence r* must intersect F(m) for all m ;> m (Figure 16). This, in 

turn, implies that r* fl (S + (m, c(m)) U S“(m, €(m))} * 0 for all m ^ m*. 

Since, moreover, r x (t) tends to the origin as t -> + », we conclude 

that r x (t) is tangent to the x Q = o hyperplane at the origin. 



A similar situation obtains when all the characteristic roots of 
A have positive real parts. 

We have thus completed the proof of the following: 

THEOREM 4. Let all 'the roots of A have negative 
(positive) real parts, and let R(m) = U | p * m €(m), 

- e(m) < x Q < e(m)} where p 2 = sj., x 2 and e(m) 

is as defined in Theorem 1. Then for all m large 

enough there exists a set F(m) C R(m) such that: 

(i) F(m) is closed in E n+1 
(ii) F(m) disconnects R(m) into two disjoint 

parts 0 + (m), 0“(m). 
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+ + 

(iii) + x e 0~(ra) —> r* {r“) enters S“(m, cfm)) 

through C“(m, €(m)). 

(Iv) x € F(m) <—*> x c R(m) and r x (t) —> 0 

as t-> + * (t-> - oo}. Moreover, x € F(m) —> r x (t) 

is tangent to the x Q = o hyperplane at the origin. 

ADDED IN PRINT. Condition (iv) of Section 3.8 can be relaxed to 
read x Q = + *[x Q , • ••, x n )£. All proofs remain unchanged. 

BIBLIOGRAPHY 


[1] BENDIXSON, I., Sur les courbes definies par des equations differ- 
entielles, Acta Math ., Vol. 24 ( 1901 ), pp. 1 - 88 . 

[ 2 ] CODDINGTON, E., and LEVINSON, N., Theory of Ordinary Differential 
Equations, New York, 1955- 

[ 3 ] FORSTER, H., Uber das Verhalten der Integralkurven einer gewohnlicher 
Differentialgleichung erster Ordnung in der Ungebung eines singularen 
Punktes, Math. Zelt ., Vol. 43 (1935), pp. 271-320. 

[4] GOMORY, R., Trajectories tending to a critical point in 3 -space, 
Annals of Math ., Vol. 61 (1955), pp. 1 4 0 - 153 . 

[ 5 ] LEFSCHETZ, S., Lectures on Differential Equations, Princeton, 1946. 

[6] -, Differential Equations, to appear. 

[ 7 ] LIAPOUNOV, M. A., Probleme general de la stability du Mouveraent, 

Annals Studies 17 , Princeton, (1947). 

[8] MALKIN, I., On the stability of motion in the sense of Liapounov, 
Translation 4i, Am. Math Soc . 

[9] NIEMYCKII, V. and STEPANOV, V., Qualitative theory of differential 
equations, translation to appear by Princeton University Press. 

[10] PLI§, A., On a topological method for studying the behavior of in¬ 
tegrals of ordinary differential equations, Bull, de liAcad&nie 
Polonaise Des. Sci., Ch. Ill, Vol. II, No. 9, 0954), pp. 4 15 - 418 . 

[ 11 ] POINCARE, H., Memoir© sur les courbes definies par une equation 
differentielle, J. de Math., 3 rd Series, Vol. 7 ( 1881 ), pp. 375 - 442 . 
This paper is reproduced in Ouvres de Henri PoincarS, Vol. 1 , ( 1928 ). 

[12] REIZEN, L., The behavior of the Integral curves of a system of three 
differential equations in the neighborhood of a singular point, 
Translations Am. Math. Soc., Series 2 , Vol. 1, (1955). 

[ 13 ] SEIGEL, C. L., Uber die Normalform analytischer Differentialgleichung- 
en in der Nahe einer Gleichgewichtslosung, Nach. Akad. Viss. GStt ., 

[ 1 4] WAZEWSKI, T., Sur un principe topologique de l’Sxamen de 1*allure 

asymptotique des intSgrales des Equations diffSrentielles ordinaires, 
Am. Soc. Polon. Math., 20 (1947), p« 279- 


Princeton University 




X. ON NON-LINEAR REPULSIVE FORCES 1 * 

Robert W. Bass 

1 . Introduction and Summary. In this note we shall establish 
that a mechanical system of n degrees of freedom which is subject to 
arbitrary (non-linear, non-conservative, non-autonomous, velocity de¬ 
pendent) forces of non-attractive type has a "2n-parameter family” of 
solutions, of which an "n-parameter subfamily” of solutions is "asymptotic 11 
(in particular, exists and is bounded for 0 < t < »), and of which an¬ 
other "n-parameter subfamily" of solutions is unbounded and of monotone 
Increasing magnitude . The sole restriction is that the forces be every¬ 
where continuous, and, if velocity dependent, satisfy a certain growth 
restriction which is linear in the magnitude of the velocities. 

In the autonomous case , there is a simple geometrical interpre¬ 
tation. Let denote real Euclidean k-space. Then in it3 phase space 

E 2n such a system consists of (I) a single rest point , (ii) positively 
asymptotic orbits, and (ill) positively divergent orbits . The rest point 
is a 2n-dimensional saddle point , in the sense that there is an n-dlmension- 
al "stable" manifold, passing through the rest point, and such that all 
orbits originating on it are positively asymptotic to the origin, while for 
no other orbit does its positive limit set exist. 

Let I + :0 < t < * denote the real half-line and let 
fiE 11 x E 11 x I + --> E 11 be a map f - f(x, y, t). Consider the vector sys¬ 

tem of ordinary differential equations 

(S) x M * f(x, x 1 , t), (' = d/dt) 

where the scalar product 

(R) x*f(x, y, t) > o, unless x * o . 

The condition (R) implies that f(0, y, t) 3 o and that x » o is the 
only equilibrium solution (x 1 - x" « o) of the system (S) - (R). 

Numbered footnotes appear at end of paper. 
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In the autonomous case f * f(x, x 1 ), f e C 2 , suppose also that 
the Jacobian matrix f x (o, 0) Is symmetric. Then In E 2n replace (S) 
by (S a ) : x* - y, y* « f(x, y), and at the origin (x, y) - (o, o) the 
system (S a ) has, by (R), exactly n negative characteristic roots and 
exactly n positive characteristic roots. 2 (In fact, (R) Implies that 
f y (o, o) - o and that f°(o, o) is positive definite. 3 ) Hence well-known 
theorems (cf. e.g., the recent books of Coddington-Levinson or Lefschetz) 
imply that the geometrical description given above holds, at least in some 
sufficiently small neighborhood of the origin. The extension of this 
description to all of E 2n (and in particular, the assertion that the 
"stable" manifold intersects every hyperplane x * const.) can be effected 
if and only if the growth of f(x, y) as a function of y is further 
restricted. 

For a simple example, consider a particle sliding under the in¬ 
fluence of gravity on a vertical circle (and free to leave the circle at 
its horizontal extremities). Measuring arc length x from the unstable 
rest point, and letting g = 1, we have 

(E) x" = f(x), xf(x) > o for x / o , 

where here f(x) = sin x for |x| < «/2 and f(x) = sgn x for 
|x| > «/2. By explicit solution of (E), it can be seen that to each 
initial position x Q there corresponds 

(I) an initial velocity x^(x Q ) for which the corre¬ 
sponding solution x(t) exists on I + and 
satisfies |x(t)| < |x Q |; and 

(II) an initial velocity x^(x Q ) for which the 
corresponding solution x(t) satisfies 
|x(t) | -> + » as t -> t w (for some 

t < oo). 

00 — 

For the example (E), the planar phase-portrait can be readily 

sketched. The origin is a saddle point. In case (I), (x(t), x'(t)) -> 

(o, o) as t-■> ». The assertions (I), (II) are simply that at least 

one "exceptional integral curve" (i.e., "one through the origin") and also 
at least one "divergent" integral curve cuts each line x *= x Q . 

For general scalar systems of the type of (E), and more generally, 
x" * f(x, t), the assertions (I) - (II) are implied by a theorem of A. 
Kheser [8]. Hartman and Wintner [4] extended Kneser’s theorem to include 
velocity dependent forces, i.e., they dealt with (3) in the case n * i. 
(Subsequently [ 5 ] they generalized this result to first order systems in 
such a way as to include [83 and [fc].) However, Hartman and Wintner 
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require that f satisfy not only (R) hut also for all y and each R > 0 

|f(x, y, t)| < <p R (|y| )> 

(a) 

0 < t < R, 0 < |x| < R , 
where (p = <p R is such that 


(Q) 


00 



+ 00 • 


The*("quadratic") Nagumo condition (G) - (Q) permits e.g., 

x M = (1 + (x f ) 2 )sln x, but not x" ** (1 + (x’) 2+€ )3in x for any € > 0. 

An example of Nagumo shows that (G) - (Q) Is the best possible general 
restriction (for n = i ). 

In the scalar autonomous case, there Is a simple geometrical ex¬ 
planation of the meaning of condition (G) - (Q). In fact, (S) can be re¬ 
placed by the first order equation dy/dx = F(x, y), where F(x, y) 5 
f(x, y)/y. Then (Q) is just Wintner's general criterion 

00 

(jF| < Vt J dr * + 00 ^ 

for the unrestricted existence of solutions y * y(x); cf. [l^] or Ex. 5> 
p. 61 of Coddington-Levinson's Ordinary Differential Equations ( 1 955 ) • In 
other words, the exceptional integral curve y = y(x) has less than ex¬ 
ponential growth; hence It cuts every vertical line x = const. 

Because of the distinctions between ordinary and scalar products, 
the arguments used for n * 1 cannot be generalized to the case n > 1. 
However, for linear systems WIntner [ 15 ] generalized Kneser*s theorem as 
follows. Let x" = F(t)x, where the matrix F(t) is continuous on I + 
and non-negative definite; then (I) - (II) holds and there are n linearly 
independent solutions of each type. Moreover, the same Is true ([ 3 ]; cf. 
also [6]) for systems x" * G(t)x' + F(t)x, where F, G are continuous 
matrices and the symmetric part F° of F satisfies F° > GO* ( > 0). 

The object of this note is to generalize Kneser*s theorem to the 
system (S) - (R), for all n > 1 , In such a way as to include the linear 
result of Harman and Wintner ([ 3 ]) just quoted. 

However, we shall replace (G) - (Q) by the less general condition 


(L) 


l|f(x, y, t)|| < C R + K r || y|| 
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for all vectors y and all R > o, and for all o < t < R and 
||x|| < R, where the "constants” and depend only on R. 

For the system (S) - (R) - (L) the conclusions (I) and (II) hold. 

The proof Is similar to that of Kneser except that a certain 
boundary value problem arising in a lemma Is more difficult. This problem 
is reduced to a non-linear integral equation, for whose solutions (L) pro¬ 
vides an a priori bound. Then in the manner of Birkhoff-Kellogg, Schauder, 
and Leray, the Lefschetz fixed-point theorem 4 for compact HLC spaces can 
be used to solve this integral equation. 

Despite considerable effort, I have been unable to relax (L) to 
(G) - (Q) in the case n > 1, or to provide a counter-example; this inter¬ 
esting problem remains open. 

The remainder of this note is similar to Part Two of my 1955 
dissertation, which was written at The Johns Hopkins University under the 
direction of Professor Wintner. I wish to thank Professor Wintner for 
suggesting this topic, and to thank both him and Professor Hartman for 
their assistance and advice. I also Vish to thank Professors Lefschetz, 
Markus, and Barocio for the illuminating geometrical discussion of this 
result which was reproduced above; this discussion was developed following 
my presentation of the result to Professor Lefschetz 1 s Princeton seminar. 

2. To give a more precise formulation of the results to be ob¬ 
tained, let x be the coordinate vector (x^ ..., x n ) and let f(x, x', t) 
be a real vector function (f 1# ..., f n ) which is continuous on the half- 
space 

(1) 0 £t<oo, -®<x 1 < + co, -«<x|< + », (i * l, ..., n) . 

As a generalization of the non-negative definiteness of the coefficient 
matrix F° in the simple linear case G s 0, suppose that 

(2) X*f(x, X', t) > 0 

for all x, x 1 , t on (1). We may then say that the differential equations 

(3) x" * f(x, x', t) 

represent a mechanical system in which, by virtue of (2), the forces have 
no "centrally attractive" component. 

Now put r * ||x|| 2 s x*x . In addition to (2), we shall assume 
that for every r Q > o and T > o there exist positive numbers 
C - C(r Q , T) and K - K(r Q , T) such that 
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(*> ||f*(x, x», t)|| < C + K||x'|| 

for t, x satisfying 

( 5 a) 0 % t £ T, ( 5 b) 0 £ * £ * 0 * 

and for all x*. Sine© C(r Q , T) and K(r Q , T) can always be taken to 
be monotone increasing and continuous in T, we shall assume for later 
convenience that this has been done. 

Next, note that r*(t) * 2 x«x', r" (t) = 2 x«x" + 2 x , «x l , and by 
( 2 ) and ( 3 ) we have 

( 6 ) r" > o, where r - ||x || 2 . 

This fundamental inequality implies that the squared length r(t) of any 
solution vector of (3) - ( 2 ) is convex toward the t-axls . The results 
which follow actually depend on ( 6 ) rather than ( 2 ). In the linear case, 
F° > GO* is sufficient for ( 6)5 cf. [ 3 ]. Also It Is clear that In the 
linear case conditions (4) - ( 5 ) are satisfied. 

3 y means of (4) and ( 6 ) we shall show (cf. Section 3) that all 
local solutions of (- 3 ) at t = 0 can be continued onto a ("maximal”) 
interval 

( 7 a) 0 ^ t < t° , 

but not onto 0 £ t £ t°, where t° < » if and only if 

( 7 b) r(t) -> « as t -> t° . 

Consequently, all solutions of ( 3 ) are unrestricted except those for which 
(7b) holds for some t° < »; in particular, solutions for which r(t) is 
monotone non-increasing exist on (7a) with t° * ». 

Let us define a divergent solution of (3) as one which exists on 
( 7 a) and satisfies (7b) for some t° £ On the other hand, we shall say 
that a solution is asymptotic if r(t) satisfies 

( 8 ) r(t) > 0 , r'(t) £ 0 , r"(t) >0 for 0 g t < 

so that, in particular, 

lim r(t) exists (< «) and 11 m r*(t) - 0 

t — >00 t —>« 


00 



BASS 


2 06 

Finally, let x(t; x Q , x£) denote any continuation onto its maximal in¬ 
terval (7a) of any solution of (3) which is defined at t = o and 
satisfies there 

(9) x(0; x Q , x£) - x Q , x'(0; x Q , x£) = x£ . 

(This solution is not in general uniquely determined by the initial con¬ 
ditions (9) •) 

Using the above terminology, we now state our result as follows. 

THEOREM. Let f be continuous on (l) and satisfy 
(4) - (5)* Then corresponding to every initial 
position x Q , there exist two vectors xJ(x Q ) and 
x^(x 0 ) and corresponding solutions of (3) which 
are such that 


(10) 

every x(t; x Q , x^(x Q )) 

is divergent 


(0 £ t < t° £ °o). 


(11) 

some x(t; x Q , x^(x Q )) 

Is asymptotic 


(o t < oo). 



In the linear case (io) - 

(11 ) imply that there are 


n linearly independent divergent solutions and n 
linearly independent asymptotic solutions. 

REMARK. It is clear from the alternative described in (7a), (7b) 
that an xJ(x Q ) can be selected readily. (In fact, we need only let x_* 
be any vector such that x|*x Q > 0; then r'(o) > o, and (by the con¬ 
vexity of r(t)) (7b) must hold for some t° < ».) We now establish 

this alternative. 

3. According to a result of Wintner [14], all continuations of 
a local solution x(t; x Q , x^) are unrestricted unless there exists a 
t° < » such that 

lim|r(t) + ||x , (t)|| 2 j* * oo, as t -> t° . 

Thus, if r(t) is bounded on o g t < t° (so that (5b) holds there for 

some r Q ), then lim||x , (t)|| = oo as t -> t°. From this we derive a 

contradiction with (4), by means of the following lemma. 

LEMMA 1. Let x(t) be a solution of (3), defined 
on (5a), where f(x, x 1 , t) is continuous on (l) and 
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has the property (4) - ( 5 ) (but not necessarily 
( 2 ) - ( 6 )). Then if x(t) satisfies ( 5 b), there 
exists a constant D * D(r Q , T) such that x'(t) 
satisfies 

(12) 0 < ||x'(t)|| g D(r Q , T) . 

This a priori bound for x*(t) follows from modification of a 
device of Hartman and Wintner [ 3 ]- Since x'(t) is continuous on (5a) 
there exists some t* in (5a) such that ||x , (t*)|| = maxllx 1 (t)|| on (5a). 
Now let 

(13) M * l/(mK(r 0 , T)) , 

where m = m(r Q , T) > n is so large that M £ T/2, and choose sgn t 
such that t * t* + t lies in (5a). Then by the mean value theorem 
there exist numbers 0.^ (i= 1, n) lying In ( 5 a) and such that if 

we put x" (0 ) s (x"(e } ), ..., x^(0 n )), we have 

(14 ) x(t* + t) = x(t*) + TX'(t # ) + 1 t 2 x"(0) . 

But by (3) and (4), ||x M (0)|| £ nC + riK||x»(t*)|| % nC + mK||x» (t # )||, so that 

by (5) and (i4), 

M||x'(t.)|| § 2(r 0 ) l/2 + lmKT 2 ||x'(tJ|| + 1 nCr 2 

l.e., |x|(i - 1 mK|T| )||x'(t,)|| g 2(r 0 ) 1 / 2 + 1 nCx 2 , which from (13) gives 

(12) with D(r 0 , T) 3 Um(r 0 ) 1 / 2 K(r 0 , T) + nC(r Q , T)/tnK(r 0 , T). This proves 
the lemma and so the alternative (7a) - (7b). 

4. It remains only to select x^(x Q ) and a corresponding solu¬ 
tion (which is not unique) in such a manner as to satisfy (11 ) • In our 
construction of an asymptotic solution of (3), the following property (J) 
proves to be fundamental: 

(J). To every vector x Q and every positive number 
T there corresponds a solution Xrp(t) of (3), de¬ 
fined on (5a), and satisfying 

(15) x T (o) * x Q , x t (T) * 0 . 

Hereafter we shall refer to (J) as the joinability property for 
(5a). Because the successive approximations by means of which Picard [ 9 ] 
established local joinability (under certain smoothness assumptions for a 
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system similar to (3) do not converge for large T, it will be necessary 
to prove in some other manner that (6) implies joinability in the large. 
To this end we shall employ the following lemma (which is independent of 
(2), (4)). 


LEMMA 2 . Suppose that f(x, x*, t) is continuous 
and bounded, say |f| £ M, on 

( 16 ) 0 £ t £ T, - » < x i < + «, - * < x| < + », (i - 1 , n) . 

Then (3) has the joinability property on ( 5 a). 

As is well known (1 10 ]), the lemma is true if and only if the 

integral equation 

T 

(17) x(t) = x Q (l - t/T) - J <p(u, t)f(x(u), x ! (u), u)du 

o 

(where <p = u(T - t)/T on o % u ^ t £ T, q> - t(T - u)/T on 

0 £ t < u £ T, and 0 £ <p(u, t) £ T/4) has a solution x * x T (t) on 

(5a). 

For n * 1 , Lemma 2 was stated by Birkhoff and Kellogg [ 1 ] as a 
corollary of their fixed-point theorem (cf. the elementary proof of Lemma 
2 by Scorza-Dragoni [ 12 ]). It seems possible to extend their methods to 
include n > 2 , but such an extension Is not immediate. A (slightly weak¬ 
er) form of their fixed-point theorem was later discovered independently 
by Caccioppoli [ 2 ], and his proof for scalars clearly can be extended to 
apply to vector functions as well. On this basis, Scorza-Dragoni [13] 
stated the lemma for n * 2 . As a matter of fact, the lemma for n > 2 
is an obvious immediate consequence of Schauder’s fixed-point theorem [ll]. 
For (i) the integral transformation on the right-hand side of (17) is a 
continuous mapping & of the Banach space § of class C 1 vector func¬ 
tions on ( 5 a), into itself, where (by definition), (ii) g is complete in 
the topology of uniform convergence of the functions and their first de¬ 
rivatives, and (iii) & is "completely continuous", in the sense that the 
closure of 7 (§) Is compact. " ( JF : K —> K » an absolute retract. 5 ) 

Now let x Q and T > o be arbitrary and consider any vector 
function f*(x, x 1 , t) which is Identical with the f(x, x ! , t) of (l), 

(3), and (4) - ( 5 ) on the product cylinder 

> 0 £ r £ r Q , 


( 18 ) 


0 £ t £ T. 


0 S I*'I <, D(r 0 , T) 
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and which on the half-space (i) is continuous and has the same hound, M, 
as does f(x, x 1 , t) on ( 18 ). By Lemma 2 the system x M - f*(x, x 1 , t) 
has the joinability property on (5a). But by ( 6 ), any solution x^t) 
satisfying (15) also satisfies ( 8 ), and so by Lemma 1 lies entirely within 
the cylinder ( 18 ). This shows (cf. the similar argument in Ksmke [ 7 ], p. 
129 ) that the introduction of f* was unnecessary, i.e., that f(x, x 1 , t) 
satisfies joinability on (5a). But because T > 0 was arbitrary, this 
proves the unrestrictedness of the joinability property of (3). 

5 • The remainder of the proof now proceeds as in [ 15 ]. Let x Q 
be fixed arbitrarily and consider the sequence of solutions x T (t) of 
(3) satisfying ( 15 ) for T = 1 , 2 , 3 , • .. • From ( 15 ), we have 

(19) r m (o) = r Q = x 0 -x o , r m (m) = o, (m - 1, 2 , ...) , 

where 

(2°) r m = P B (t) - llx ffl (t)|| 2 • 

But (6) and ( 19 ) imply that r m (t) is monotone for 0 t < m. Conse¬ 
quently we have also 

(21 ) r m (t) > 0 , r£(t) £ 0 , r£(t) > 0 , If 0 < t < m . 

Now the first of the conditions ( 19 ) and the second of the in¬ 
equalities (21 ) imply that the functions r m (t) are uniformly bounded by 
r Q on every fixed, bounded t-interval. In view of (20) the same holds 
for the vectors x^t), and by Lemma 1 and (3), for the vectors x^t), 
x£(t) as well (the function f(x, x 1 , t) being continuous on the compact 
cylinder ( 18 ) for fixed, bounded T). 

Consequently, the sequences (x m (t)), (x^ft)) are uniformly 
bounded and are equicontinuous on every fixed, bounded t-interval. By 
the Ascoli-Arzela selection principle, we can choose an increasing se¬ 
quence of integers m * m(k) (k * 1 , 2 , ...), such that as k-> «, 

x m(k)(t) XjJjf^jCt) converge (uniformly on every fixed, bounded 

interval of the half-line 0 $ t < «») to limit functions x(t) and x'(t) 
furthermore, x*(t) is the derivative of x(t). 

Since every x m (j c )(t) Is a solution of (3), it is clear that 
x(t) is an unrestricted solution of (3), and that, by ( 20 ) and ( 21 ), 
r(t) satisfies (8). The desired vector xUx Q ) is then given by x'(o), 
and the proof of ( 11 ) is complete. 

In the linear case, let m x Q , (m - 1 , ..., 


n), be n linearly 
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Independent Initial position vectors and let ^x^ be corresponding in¬ 
itial velocities which determine (unique) asymptotic solutions; for 
simplicity, fix m x 0 , (m * 1, n), as the n unit vectors 

(i, o, ..., o), (o, i, o, ..., o), ... . Next let “xj * m x Q (so that 
m rj(o) =* >o). Nov since “r^o) = m xl» m x Q < o, the n asymptotic 

solutions are linearly independent of the n divergent solutions. 

RIAS, Inc. (Baltimore) 
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FOOTNOTES 


1 Results obtained while the author held a National Science Foundation 
Fellowship at The Johns Hopkins University. Extended and revised at 
Princeton University (under Naval Research Contract N 6 ori-I 05 , Task Order 
v, Project NR 0 I 3 - 9 I 2 ) and at RIAS, Inc. (Baltimore). 

2 Similarly for real parts of roots when f x ( 0 , 0 ) 4 f°(o, °^* 

3 By A 0 denote symmetric part of a matrix A. 

^ If K Is an AR (absolute retract) compactum and & : K-> K Is 

any self-map of K, then has at least one fixed point \ in 

K. Cf. e.g., S. Lefschetz, Topics in Topology , Princeton University Press 
(l 9 ^ 2 ), p. 116 and p. 119- 

5 Here D denotes the convex closure of a set D C §. If the closure of 
D Is compact, then D Ts an 30H 
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